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THE DYNAMICS OF SOUNDING ROCKETS  
AT B U R N O U T  •
C H A P T E R  I 
INTRODUCTION  
''Sounding r o c k e t s "  a r e  r o c k e t  m i s s i l e  s y s t e m s  that are  
d e s ig n e d  for the e x p r e s s  p u rp ose  of  c a r r y in g  s c i e n t i f i c  in s tr u m e n ts  
through or above the s e n s i b l e  a t m o s p h e r e .  Unt i l  about 1955, 
s ou nd ing  rock e ts  w ere  g e n e r a l l y  s t a g e d  to g e th e r  u s in g  surplus  
m i l i t a r y  r o c k e t s ,  s o m e  b a l l i s t i c  and a ir p la n e  tech n o lo g y  and lots  
of fa ith .  F o r  this r e a s o n ,  m a n y  sounding  r o c k e t s  have  been la u n ch ­
ed ( s o m e  s u c c e s s f u l l y  and s o m e  d i s a s t r o u s l y )  that could hardly  
qual ify a s  having  b een  d e s ig n e d .  The need for r e l i a b le  sounding  
ro c k e t s  was  great ly  in c r e a s e d  by the a dvent  of the Space A ge .  (if  
m an  w a s  to e x p lo r e  s p a c e ,  he m u s t  know m o r e  about the e n v ir o n ­
m e n t  that l i e s  be tw een  h im  and s p a c e .  ) H o w e v e r ,  th is  need c a m e  
at a t i m e  when support  s u c h  a s  wind tunnel  f a c i l i t i e s ,  com puter  
s c i e n c e s  and com putat iona l  m e t h o d s  w e r e  in adeq uate .  The s o u n d ­
ing r o c k e t  d e v e l o p e r s  at  that t im e b o r r o w e d  s o m e  d ir e c t io n  f rom  
s e v e r a l  e n g in e e r in g  f i e l d s ,  m ix ed  n o m e n c la t u r e  at  w i l l ,  and used
I
2lots  o£ cut-and-fcry  m e th o d s  to d ev e lo p  a v e r y  s t r o n g  "r u le -o f - th u m b "  
t e c h n o lo g y .  T h i s  t ech n o logy  i s  s t i l l  an  e v e r - p r e s e n t  e l e m e n t  in 
n e a r l y  a l l  sou nd in g  r o c k e t  d i s c u s s i o n s .  In its  d e f e n s e ,  it m u s t  be 
noted that it w o r k s  b eau t i fu l ly  for s y s t e m s  that can be c o n s id e r e d  
r ig id  b o d ie s .
The n u c l e a r  a t m o s p h e r i c  t e s t i n g  of  the 1950's and the e a r l y  
1960's u n c o v e r e d  m a n y  d e f i c i e n c i e s  in a l m o s t  e v e r y  f ie ld  of s c i e n ­
t i f i c  e n d e a v o r .  Th e  need  for  b e t ter  p e r f o r m i n g ,  m o r e  re l ia b le  
and l e s s  e x p e n s i v e  sounding r o c k e t s  w as  m o r e  a p p a r e n t .  F u r th er  
im p etu s  was  add ed  when our s c i e n t i s t s  l e a r n e d  that th ere  was no 
su i tab le  r o c k e t  s y s t e m  a v a i la b le  for  obtain ing  s o l a r  background  
data during  the IQS Y ( in tern at ion a l  Q uie t  Sun Y e a r ) .  S e v e r a l  
g o v e r n m e n t  a g e n c i e s ,  pr iva te  c o m p a n i e s  and a few f o r e i g n  co u n tr ie s  
a t tem p ted  to d e v e l o p  s y s t e m s  that would m e e t  one or  a l l  of these  
r e q u i r e m e n t s .  A s  a r e s u l t  of  th is  e f for t ,  s e v e r a l  s a t i s f a c t o r y  
sounding  r o c k e t  s y s t e m s  have  b een  d e v e l o p e d .  The new s y s t e m s  
rate  h igh  in p e r f o r m a n c e  and r e l i a b i l i t y  and a r e  r e l a t i v e l y  low in 
c o s t .  T h ey  a r e  a t  l e a s t  an o r d e r  of m a g n i tu d e  m o r e  s o p h i s t i c a te d  
than th e ir  p r e d e c e s s o r s  and for  that r e a s o n ,  they  a re  at  t im e s  
c a l l e d  " h ig h -a l t i tu d e  d ia g n o s t i c  r o c k e t  s y s t e m s " .
C H A P T E R  II 
TH E G E N E R A L  P R O B L E M  A R E A S  
2.  1 G e n e r a l
The d e v e l o p m e n t  of  the new s y s t e m s  brought  with it many  
new and i n t e r e s t i n g ,  but d i f f icu l t  p r o b l e m s .  In the o ld e r  ro ck e t  
s y s t e m s ,  the m o t o r s  u s u a l ly  had a m a s s  f r a c t i o n  of l e s s  than 5 0%. 
In the n ew er  s y s t e m s ,  the m a s s  f r a c t i o n  m a y  e x c e e d  80%. This  
was an obvious  w ay  to im p r o v e  the s y s t e m s '  p e r f o r m a n c e  but it  
was th is  a p p ro a ch  that u n co v ered  the need  for  a "new" tech n o logy .  
The new ro ck e t  m o t o r s  had good s t r u c t u r a l  in t e g r i t y  but they did  
not s a t i s f y  the "r ig id  body" a s s u m p t i o n .  Now the " r u le -o f - th u m b "  
a p p r o a c h  was  s i m p l y  inadequate for  m o s t  c a s e s .  The h ig h er  p e r ­
f o r m a n c e  c a u s e d  m a n y  new p r o b l e m s ,  a f ew  of which  w ere:
1. E x t r e m e l y  h igh  a e r o d y n a m i c  h ea t in g  r a t e s .
2 .  Bad ly  m i s b e h a v e d  l a m i n a r / t u r b u l e n t  boundary  layer  
t r a n s i t io n  p o in t s .
3. Antenna s h ad ow in g  and heat in g  p r o b l e m s .
4 .  N on l in ear  a e r o d y n a m i c s  s u c h  a s  n o n l in e a r  m agn u s  m o m e n t s  
and l e e - s i d e  v o r t i c e s .
5. S e v e r e  a c c e l e r a t i o n  and v ib ra t io n  e n v i r o n m e n t .
T h e s e  p r o b l e m s  a r e  m en t io n ed  only in p a s s i n g  s i n c e  it  i s  the p u r ­
p o s e  of th is  d i s s e r t a t i o n  to a d d r e s s  i t s e l f  to the m o t io n  of a f l e x ­
ib le  m i s s i l e  during and sh o r t ly  a f t e r  burnout .
In the past  few y e a r s ,  th ere  has  b e e n  a g r e a t  d ea l  of  work  
done on the e f f e c t s  of the e l a s t i c  nature of  sou nd ing  r o c k e t  s y s t e m s .  
T he e l a s t i c  s t r u c t u r e  and the a e r o d y n a m i c  e x c i t a t i o n  f o r c e s  m a y  
i n t e r a c t  to p roduce  a n o n o s c i l l a to r y  d i v e r g e n c e  or  s e v e r a l  types  
of  o s c i l l a t o r y  p r o b l e m s .  A b r i e f  d i s c u s s i o n  of  s o m e  of th ese  
p r o b l e m s  and the w ork  being done toward their  s o lu t io n  s e e m s  
a p p r o p r ia te  at  this  point.
Z .2  A e r o e l a s t i c  D i v e r g e n c e
M o s t  of the work  on a e r o e l a s t i c  e f f e c t s  fo r  r o c k e t s  has  been  
d e v o te d  to a e r o e l a s t i c  d i v e r g e n c e .  T h is  a e r o e l a s t i c  p h en om en on  
u s u a l ly  r e s u l t s  in c a ta s t r o p h ic  s t r u c t u r a l  f a i lu r e  and nothing in  
the r o c k e t  b u s i n e s s  g e t s  m o r e  a t ten t ion  than a s y s t e m  c o m in g  
a p a r t  a t  M ach  8 .
U nd er  h igh  a e r o d y n a m i c  load,  the e l a s t i c  s t r u c t u r e  w i l l  
d e f l e c t  in a c c o r d a n c e  with i t s  e l a s t i c  c o n s t r a i n t s .  T h is  d e f l e c t io n  
m a y  then in trod u ce  g r e a te r  a e r o d y n a m i c  loads  which,  in turn,  
c a u s e  e v e n  g r e a t e r  d e f l e c t i o n s ,  and s o  on.  In a s u c c e s s f u l  ro ck e t  
f l ight ,  an  e q u i l ib r iu m  is  r e a c h e d  b e tw e e n  the a e r o d y n a m i c  and 
e l a s t i c  f o r c e s .  If an  eq u i l ib r iu m  is  not  e s t a b l i s h e d ,  the s t r u c tu r e
will  fa i l  and d i v e r g e n c e  is sa id  to have  taken  p l a c e .  This  
phenom enon  m ay  be t rea ted  a s  a s ta t ic  a e r o e l a s t i c  p r o b le m  w h e r e -  
-in t im e  d o es  not a p p e a r  as  an independent  v a r i a b l e .  M ost  i n ­
v e s t i g a t o r s  of  this type of p r o b le m  u s e  a c o m p u t e r  i t e r a t io n  
p r o c e d u r e  s i m i l a r  to that u s e d  by T h o m s o n  (Ref.  1).
The p r o b le m  of  a d y n a m ic  a e r o e l a s t i c  in s t a b i l i t y  or  f lutter  
is  not a p ro b lem  that i s  c o m m o n ly  e n c o u n te r e d  in  sounding  rocket  
d es ign ;  h o w e v e r ,  it i s  a p r o b le m  that i s  c o m m o n  to a i r c r a f t  and  
to l a r g e r  m i s s i l e s .  It is c h a r a c t e r i z e d  by the in t e r p la y  of  a e r o ­
d y n a m ic ,  e l a s t i c  and in er t ia  f o r c e s .  T h is  in te r p l a y  at v e l o c i t i e s  
above  a " c r i t i c a l  f lu t ter  sp eed "  w i l l  r e s u l t  in a n  o s c i l l a t i o n  that is  
s e l f - su sL a in ed ;  i. e .  , no e x t e r n a l  o s c i l l a t o r  or f o r c i n g  m e c h a n i s m  
is  r e q u ir e d .  With fu r ther  i n c r e a s e  in v e l o c i t y ,  the am p l i tu d e  of 
o s c i l l a t i o n  i n c r e a s e s .  A t  v e l o c i t i e s  w e l l  above  the c r i t i c a l ,  a 
s m a l l  a c c i d e n ta l  d i s tu r b a n c e  of an a i r f o i l  can t r i g g e r  an o s c i l l a t i o n  
of g r e a t  v io len ce  and m a y  d e s t r o y  the a i r fo i l .  A g rea t  d e a l  has  
b e e n  w r i t t e n  about the f lu t ter  phenom en on  and Fu n g  has  an  e x c e l l ­
ent t r e a t m e n t  of f lu t te r  in h i s  a e r o e l a s t i c i t y  book  (Ref.  18).
Another  phen om en on  that c l o s e l y  r e s e m b l e s  a e r o e l a s t i c  
d iv e r g e n c e  a r i s e s  b e c a u s e  the s t r u c t u r a l  d e f l e c t i o n  a l t e r s  the a e r o ­
d y n a m ic  c h a r a c t e r i s t i c s  of the s y s t e m  in su ch  a m a n n e r  a s  to 
a d v e r s e l y  a f f e c t  the s t a t i c  s ta b i l i ty  of the s y s t e m ,  i . e . ,  the c e n te r  
of p r e s s u r e  may be too n ear  the c e n t e r  of g r a v i ty .  A p er tu rb a t io n
of the s y s t e m  m a y  then c a u s e  c a ta s t r o p h ic  s t r u c tu r a l  f a i l u r e .  T h is  
p h e n o m e n o n  h a s  not r e c e i v e d  the a t ten t ion  that has  b e e n  g iv e n  a e r o ­
e l a s t i c  d i v e r g e n c e ,  but R e i s  and Sundberg  (Ref.  2) d e m o n s t r a t e d  the 
p h e n o m e n o n  adeq uate ly .
2 .  3 O s c i l l a t o r y  P r o b l e m s
M o d e r n  sounding r o c k e t s  a r e  g e n e r a l ly  v e r y  long,  s l e n d e r ;  
f lex ib le  s t r u c t u r e s .  E v e n  a s y s t e m  that has been v e r y  c a r e f u l l y  
d e s ig n e d  to avo id  such  p r o b le m s  a s  a e r o e l a s t i c  d i v e r g e n c e  and r o l l -  
yaw r e s o n a n c e  m a y  s t i l l  h a v e  s e r i o u s  o s c i l l a t o r y  p r o b l e m s .  T h is  
i s  a r e l a t i v e l y  new idea  s i n c e  it was  f i r s t  noted in 1963 and r e p o r t ­
ed d ur ing  the d e v e lo p m e n t  o f  the N itehaw k 9 (Ref.  3). The ty p ic a l  
m o t io n  o f  a  r o c k e t  in an e x t r a - a t m o s p h e r i c  coning m o t io n  i s  d i s ­
c u s s e d  in d e t a i l  in Chapter  VI. Stone (Ref.  4 and 5) s h o w e d  m a t h e ­
m a t i c a l l y  the p o s s i b i l i t y  of a h ighly  nonlinear  m agn u s  m o m e n t  a s  
the c u l p r i t  in  the e x t r a - a t m o s p h e r i c  coning m o t io n .  R e i s  and  
Sundberg  (R ef .  2) sh ow ed  that the s a m e  coning m o t io n  m a y  be 
c a u s e d  by bent m o to r  s t r u c t u r e s .
A e r o e l a s t i c  a l t e r a t i o n  of a e r o d y n a m ic  p r o p e r t i e s ,  l e e - s i d e  
v o r t i c e s ,  w arped  fins and m any  m o r e  c a u s e s  have  b e e n  p o s tu la te d  
a s  c a u s e s  of s o m e  s tr a n g e  o s c i l l a t o r y  m o t io n s .  T h e s e  p r o b l e m s  
a r e  p r e s e n t l y  being  in v e s t ig a te d  by m a n y  a g e n c i e s  and f r o m  s e v e r a l  
d i f f e r e n t  v ie w p o in t s .
C H A P T E R  III 
A LOOK A T THE P R E S E N T  S T A T E - O F - T H E - A R T  
The d e s i g n  a p p r o a c h  for  a sounding  r o c k e t  s y s t e m  in c lu d e s :
1. B a l l i s t i c  a n a l y s i s  in which  f l ight  path,  a p o g e e ,  range  and  
d i s p e r s i o n  data a r e  d e t e r m i n e d .
2.  S tat ic  s t a b i l i t y  a n a l y s i s  w here  the r e l a t io n s h i p  of the eg to 
the cp  is d e t e r m i n e d .
3. R ig id - b o d y  d y n a m ic  s ta b i l i ty  a n a l y s i s  w here  a e r o d y n a m i c  
pitch ing f r e q u e n c y  and ro l l  rate  r e l a t io n s h i p s  a re  d e t e r ­
m in e d .
4. A e r o e l a s t i c  d i v e r g e n c e  a n a l y s i s  w h e re  s t r u c t u r a l  in t e g r i ty  
is  a s s u r e d .
The o s c i l l a t o r y  p r o b l e m s  a r e  g e n e r a l l y  be in g  a t tack ed  in one of the 
fo l low ing  w a y s .
3 . 1 S tr u c t u r a l  Coupling A p p r o a ch  
T h e r e  a r e  s e v e r a l  root  locus  m e th o d s  for quant i ta t ive ly  
d e t e r m i n i n g  the e f f e c t s  of  ch a n g es  in  a e r o e l a s t i c  and a e r o d y n a m i c  
c h a r a c t e r i s t i c s  on m i s s i l e  s ta b i l i ty .  P r i n c e  (Ref.  6 ) h a s  a good  
e x a m p le  of th is  a p p r o a c h .  It a s s u m e s  that the a e r o d y n a m i c  and
8a e r o e l a s t i c  c h a r a c t e r i s t i c s  of  the s y s t e m  a r e  w e l l  e s t a b l i s h e d  and  
a r e  w e l l - b e h a v e d .  The d i f f e r e n t i a l  equat ions  u s e d  in this  type 
o f  study couple  s e c o n d - o r d e r  e q u a t io n s  for each  e l a s t i c  d e g r e e  of  
f r e e d o m  to the s o - c a l l e d  " r ig id -b o d y "  equat ions of m o t io n .  The  
e l a s t i c  d e g r e e s  of f r e e d o m  a r e  u s u a l ly  the n o r m a l  m o d e s  of  v i ­
b r a t io n  of  the s t r u c t u r e .  The s ta b i l i t y  of the s y s t e m  i s  d e t e r m i n e d  
b y  an a n a l y s i s  of the ro o t s  o f  the c h a r a c t e r i s t i c  eq u at ion s .
3 . 2  Influence  C o e f f i c i e n t  M atr ix  A p p roach
S o m e  i n v e s t i g a t o r s  u s e  the inf luence  c o e f f i c i e n t  method to 
s o l v e  the o s c i l l a t o r y  type of  p r o b l e m s .  Th is  i s  a h ig h ly  s p e c i a l ­
i z e d  f i e ld  that d e v e l o p e d  from  the a i r c r a f t  f lu t ter  f i e l d .  The  
b a s i c  m a t r i x  eq u a t io n  i s
= (1)
w h e re :
1. (K^j) i s  the s t r u c t u r a l  in f lu e n c e  c o e f f i c i e n t  and i s  g e n e r a l l y
an  e x p e r i m e n t a l l y  d e t e r m i n e d  m a tr ix .
2 .  q  ^ i s  the m o d a l  sh ape .
3.  (Aj j^) i s  the o s c i l l a t o r y  a e r o d y n a m ic  in f lu en ce  c o e f f i c i e n t  
m a t r i x .
4.  w i s  the a n g u la r  f r e q u e n c y  of  the a s s u m e d  m ot ion .
5.  The in e r t ia  m a t r i x  of the s t r u c tu r e  i s  (m^j).
6. The t e r m  ( ig )  a c c o u n t s  for  the s t r u c tu r a l  dam ping .
A b r a h a m  (Ref .  7)  gave  a c l e a r  exp lanat ion  of th is  p h en om en on .
3. 3 C r i t i c a l  Load A p p roac h  
S e v e r a l  in v e s t i g a t o r s  have  s tudied the s t a b i l i t y  of  a f l ex ib le  
m i s s i l e  by i d e a l i z i n g  the s t r u c tu r e  a s  a u n i fo r m  b e a m  under  an end  
th ru st .  A s s u m i n g  s i m p l e  beam th eory  a l l o w s  the use  of  the f o l l o w ­
ing e q u a t io n s :
a ^ u /d x ^  = ( m / A E )  (a^u/at^)  (2 )
2
+ m - ^ - ^  -  p = 0  ( 3 )
a t
w h e re  m  i s  m a s s  per  unit length,  y is  the l a t e r a l  c o o r d i n a t e ,  u i s
the d e f l e c t i o n ,  A the c r o s s  s e c t io n a l  a r e a ,  E l  the bending s t i f f n e s s ,
P (x ,  t) the longt itudinal  f o r c e ,  and p(x,  t) r e p r e s e n t s  the l a t e r a l  
load o th e r  than in er t ia  loading.  P r o p e r  b oundary  co n d i t io n s  a r e  
e s t a b l i s h e d  and g e n e r a l ly  , nonuniform m a s s  and s t i f f n e s s ,  s t r u c t ­
u r a l  d a m p in g ,  t r a n s ie n t  r e s p o n s e ,  a e r o d y n a m i c  f o r c e s ,  and s h e a r  
and r o t a r y  in e r t ia  a r e  a l l  n e g le c t e d .  A s u i ta b le  a p i jro x im a t io n  
m e th o d ,  e . g . ,  l ike the Galerk in  p r o c e d u r e ,  i s  u s e d  to ch a n g e  the 
equ at ion  into a s e t  of  ord in ary  d i f f e r e n t i a l  e q u a t io n s .  S p e c i f i c  
c a s e s  a r e  then  s tudied  on the c o m p u ter  to d e t e r m i n e  the c r i t i c a l  
load  fo r  the b e a m .  B e a l  (Ref.  8)  gave a good e x a m p le  of this  type 
of a n a l y s i s .
CHA PTER  IV 
D E V E L O P M E N T  OF THE METHOD  
4 . 1  D i s c u s s i o n  of A n a ly t i c a l  P h i l o s o p h y  
N e a r ly  a l l  in v e s t ig a t i o n s  of the d y n a m ic  c h a r a c t e r i s t i c s  of  
e l a s t i c  v e h i c l e s  can  be neat ly  c a t e g o r i z e d  into  three d i s t i n c t  groups;
1. The t h e o r e t i c a l  ap p roach  where  a g r e a t  d ea l  of r i g o r o u s
m a t h e m a t i c s  l e ad s  to c o n c l u s io n s  on ly  for s i m p l i f i e d  c a s e s .  
This  type of  in v e s t ig a t i o n  b r e a k s  new ground, a s k s  new  
q u e s t i o n s  and c e r t a in ly  c h a l l e n g e s  the t ech n o lo g y  to  m o v e  
fo r w a r d .  H o w e v e r ,  this  type m a y  not  be a p p l i c a b l e  to the 
p r e s e n t  p r o b le m s  or  the m a t h e m a t i c s  in vo lved  m a y  be s o  
d if f ic u l t  that, in a p r a c t i c a l  s e n s e ,  on ly  s i m p l e  e x a m p l e s  
can be s o lv e d .  M e ir o v i t c h  and W e s le y  (Ref.  9 )  p r e s e n t e d  
an outs tan d in g  m a t h e m a t i c a l  a n a ly s i s  which  w a s  u s ed  to  
s o lv e  on ly  two s i m p l i f i e d  f l ight  p r o b l e m s .  Stone (Ref .  4)  
c h a l l e n g e s  the r o c k e t  e n g i n e e r s  to inc lude  m agn u s  m o m e n t s  
in  th e ir  a n a l y s e s .  H o w e v e r ,  at  this s ta g e  of  r o c k e t  d e v e l ­
op m en t ,  no one has  m e a s u r e d  q uant i ta t ive ly  h o w  m u c h  a n  
a c tu a l  m agn u s  m o m e n t  a l t e r s  the f l i ght  c h a r a c t e r i s t i c s  of
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any of the p r e s e n t  ro ck e t  s y s t e m s .
2.  The s i m i l i t u d e  a p p ro a ch  which  u s e s  s c a l e  m o d e l s  and wind 
tunnels to d e t e r m i n e  s ta t ic  and d yn am ic  c h a r a c t e r i s t i c s  of 
the m o d e l  be ing  t e s t e d .  The m o d e l  is t e s t e d  to the fu ll  
range o f  the tunnel  and then s c a l i n g  f a c t o r s  a r e  used  to c o n ­
v e r t  t h e s e  data  into m ean in g fu l  p a r a m e t e r s  for  an a c tu a l  
f l ight s y s t e m .  The fact  that this type o f  a n a l y s i s  h a s  b e ­
c o m e  v e r y  s o p h i s t i c a t e d  i s  c l e a r l y  s h o w n  in  the r e p o r t  by 
Hanson, and D o g g e t t  (Ref.  10).
3. The f l ight  data  ap p roach  w h e r e  the a n a l y s t  u s e s  f l ight  data  
to c a l c u la t e  the e f f e c t iv e  v a l u e s  of p a r a m e t e r s  e n te r in g  into 
the a e r o d y n a m i c  equat ions .  The e f f e c t i v e  v a lu e s  a r e  c o m ­
pared  to t h e o r e t i c a l  va lu es  and the e f f e c t  o f  e l a s t i c i t y  of  the 
body i s  e s t i m a t e d .  This m eth od  h a s  not  b e e n  d ev e lo p e d  to
a h igh d e g r e e  of  s o p h i s t i c a t io n  but R e i s  and Sundberg (Ref.  2)  
a d van ced  the m eth od  s o m e w h a t .
T h e r e  a r e  s o m e  o b v iou s  and s o m e  not so  ob v io u s  d i s a d v a n ta g e s  to 
e a c h  of  th ese  appr'oaches .  H o w e v e r ,  al l  s h a r e  a c o m m o n  d is a d v a n ­
tage; i . e . ,  e a c h  f o r m u l a t e s  the p r o b le m  in the m a t h e m a t i c a l  and  
m a n ip u la t io n  m a n n e r  m o s t  su ited  to a p a r t i c u la r  type of a n a l y s i s .
T h is  c a u s e s  the f i e ld  to advance  in  three d i f f e r e n t  a r e a s  but it a l s o  
l e a d s  to a b rea k d o w n  in c o m m u n ic a t io n s  b e tw e e n  the f i e l d s .  F u r t h e r ­
m o r e ,  i t  l e a v e s  the d e v e lo p m e n t  e n g in e e r  without the n e c e s s a r y
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to o l s  to advance  the d e v e l o p m e n t  of ac tu a l  f l ight sy s tenn .
The p u rp o se  of this  d i s s e r t a t i o n  i s  to d e v e l o p  a fourth  
a p p r o a c h  that m ig h t  be c a l l e d  the in tegra ted  a p p r o a c h .  The  
s c h e m e  would be to d e v e lo p  a s e t  of d i f f e r e n t ia l  e q u a t io n s  that  
d e s c r i b e  the m o t io n  of the e l a s t i c  v eh ic le  in s u c h  a m a n n e r  that  
a l m o s t  any part  of  the m o t i o n  can  be d e t e r m i n e d  s e p a r a t e l y  and  
co m b in e d  a lo n g  with  o th e r  m o t i o n s  into the e q u a t io n s .  T h e r e  a r e  
probably  s e v e r a l  f o r m s  that would a l low  s u c h  a c o m b in a t io n  but 
the equat ions  d e r i v e d  in A p p e n d ix  A and u s e d  in  th is  d i s s e r t a t i o n  
a r e  s i m i l a r  in f o r m  to the eq uat ion s  d e r iv e d  by Young (Ref .  11) 
for  the p lanar  c a s e .  The a d v a n ta g e s  of th is  s y s t e m  a r e :
1. It a l l o w s  the u se  of  equ at ion s  of  m o t io n  that have  good  
t h e o r e t i c a l  foundat ions  and use  a m i n i m u m  of s i m p l i f y i n g  
a s s u m p t i o n s .
2.  The inputs into the equ at ion s  can  be d e t e r m i n e d  f r o m  
e s t a b l i s h e d  p r o c e d u r e s .
3. New in fo r m a t io n  can  be inc luded e a s i l y .
4.  The eq u at ion s  a r e  in  a f o r m  that i s  g e n e r a l l y  r e c o g n i z e d .  
F o r  e x a m p l e ,  the a n g u la r  m ot ion  e q u a t io n s  a r e  the E u l e r  
equ at ion s  and the e l a s t i c  coupling i s  in c lu d e d  in  the applied  
m o m e n t s .
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4 .  2 The B a s i c  A s s u m p t i o n s
In the fo rm u la t io n  of the p r o b le m ,  s im p l i f y i n g  a s s u m p t i o n s  
m u s t  be held  to a m in im u m .  H o w e v e r ,  i t  g e n e r a l l y  i s  n e c e s s a r y  to 
m a k e  s o m e  a s s u m p t i o n s  which  not only  s i m p l i f y  but s e r v e  to def ine  
the p r o b le m .  In this  d i s s e r t a t i o n  the fo l l o w in g  a s s u m p t i o n s  a r e  made;
I. The m a s s  is a function o f  x on ly .
Z. The la t e r a l  bending i s  g o v e r n e d  by l in e a r  th eory  o f  
T im o s h e n k o  b e a m s .
3. The t o r s io n a l  r ig id i ty  i s  a s s u m e d  to be inf in ite .
4 .  The d e f l e c t io n s  of the b e a m  r e l a t i v e  to the m o v in g  a x e s
a r e  r e p r e s e n t e d  by n o r m a l  m o d e  o s c i l l a t i o n s .
5 .  S t r u c t u r a l  dam ping  i s  n e g l e c t e d .
4 . 3  T he  C oord in ate  S y s t e m
F i g u r e  1 s h o w s  the g e n e r a l  c o o r d in a te  s y s t e m .  The v e lo c i ty  
of the c e n t e r  of m a s s  is denoted  by and it is  d i r e c t e d  a long  
the tangent  to the t r a je c to r y  of  the c e n te r  of m a s s .  The m i s s i l e  
c o n f ig u r a t io n  i s  d e s c r i b e d  r e l a t iv e  to a s e t  of  m o v in g  a x e s  (x, y,
and a) w h ich  h a s  its o r i g in  f ixed at  the c e n t e r  of m a s s .  It i s  a
r ighthanded  or th ogon a l  s y s t e m  that is f ixed  in the m i s s i l e  body  and 
c o i n c i d e s  with the un d e f lec ted  m i s s i l e  p r in c ip a l  a x e s .  The x -a x i s  
i s  d i r e c t e d  a lo n g  the longitudinal  a x i s  of  s y m m e t r y  of the u n d e ­
f l e c t e d  m i s s i l e .  Longitudinal  d e f o r m a t i o n s  a lo n g  the x  a x i s  a r e  
d en oted  by u^ ,^ a lo n g  the y ax is  by u^ and a lo n g  the z a x i s  by  u^.
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The inc l ina t ion  of  the x  a x i s  f r o m  the ve r t ic a l  i s  d en oted  by 
and the in c l in at ion  of the t r a je c to r y  tangent i s  y .  R ota t ion  about  
the X a x i s  i s  denoted  b y 8 ^  (roll ) ,  about the y a x i s  by 0  ^ (pitch)  
and about the z a x i s  by 9^ (yaw). The coord in a te  s y s t e m  i s  o r i e n t ­
ed so  that the x  a x i s  i s  in the t r a je c to r y  plane .
4. 4 The D i f f e r e n t i a l  Equations  of M ot ion
The d i f f e r e n t i a l  equat ions  a r e  show n in th is  s e c t i o n  with a 
b r ie f  exp lan at ion  for each, s e t  of eq uat ion s .  A c o m p l e t e  d e r i v a t i o n  
i s  sh ow n  in A ppendix  A .  The d i s p l a c e m e n t  e q u a t io n s  a r e  w rit ten  
a s  fo l low s:
oo
u (x, t ) =  ÿ  0. • q (t)
1 I 1
00
a (x, t) =  X  T. • q (t) (4)
2 j= l  J J
U_(x, =  Z  or ' q (t)
3 k=l K K
w here  0 . ,  T , or a r e  the e igen fun ct ions  of a f r e e - f r e e  b e a m  and 
1 j k
q. ,  q. and q a r e  the c o r r e s p o n d in g  g e n e r a l i z e d  c o o r d i n a t e s .  Now  
i  J k
c o n s id e r i n g  the c o r r e s p o n d in g  a n g l e s  of  ro ta t io n  of  a m i s s i l e  e l e ­
m e n t ,  the e l e m e n t  r o ta t io n  equ at ion s  a r e
00
4'(x, t) = 2  K '
k=l ^ ^
A(x , t) = I  X (x) • q.(t)  
j-1 J J
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T h e r e  is  no equ at ion  for  an e l e m e n t  rotat ing  a b ou t  the x  a x i s  
b e c a u s e  of the a s s u m p t i o n  that the m i s s i l e  is  r i g id  in that p lane .  
The a c c e l e r a t i o n s  of  the c e n te r  of  m a s s  c a n  be w r i t t en  by r e f e r r ­
ing to F i g u r e  1. It should  be noted that the to ta l  an g u la r  ro ta t ion  
of a point on  the m i s s i l e  a x i s  is  not s im p ly  0^  about the y a x i s  
and 6^ about  the z a x i s .  Making a s m a l l  a n g le  a s s u m p t io n ,  the 
r o ta t ion  in the p itch  plane (xz p lane)  is 0  ^ S u ^ / a x a n d  the ro ta t ion  
in the yaw p lan e  (xy  p lane)  is 8  ^ + 3u ^ /9x .  T h e r e f o r e ,  the total  
p itch  angle  i s  not a =  7 -  0  ^ but The to tal
yaw ang le  o f  a t tack  i s  <3 = 8^  + B u^/dx. With th is  in mind,  the
a c c e l e r a t i o n  c o m p o n e n t s  of  the c e n t e r  of  m a s s  can  now be w ri t ten
in t e r m s  of the f l igh t -p a th  v e lo c i ty  and c o o r d i n a t e s  a s :
__
A -■ V cos  a -  V 7 s in  a
X °  o
V ^ c o s #  - V ^ j S s i n / J  (6)
= V a s i n a  + V ^ 7 c o s a  
U s i n g  N e w to n ' s  s e c o n d  law and r e f e r r i n g  to F i g u r e  2, the eq uat ion s  
of m o t io n  f o r  the c e n t e r  of  m a s s  a r e :
M(x)  A^ = T -  Mg c o s  jj 4-
(7)
M (x )A  = T*u + Mg s in q  -  J + F  
z 3T Dz z
The a c c e l e r a t i o n s  a r e  d e te r m in e d  from  F i g u r e  3; a l s o  s e e  Appendix
A .  In the d e r i v a t i o n  of  these  eq uat ion s ,  T i s  the m o t o r  th ru s t  
and the a n g le  of  in c l in a t io n  f r o m  the v e r t i c a l ,  v , is  a s s u m e d  to be
17
P (x, t) “ N o r m a l  F o r c e  in XZ H a n e
P^(x,  t) " N o r m a l  F o r c e  in XY P la n e
missile
Mg
F i g u r e  2 The F o r c e  S y s t e m
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X
A x i s D i s p l . Unit V ec to r R otat ion
X T" 9I
y ''2 j «2
z "3
k
p  -  P o s i t i o n  v e c t o r  f r o m  in e r t ia l  a x i s  to a r b i t r a r y  point  
R -  P o s i t i o n  v e c t o r  to c e n t e r .o f  m a s s .
p  -  P o s i t i o n  vector '  in 'moving,  coord ina te
missile
F i g u r e  3 The K i n e m a t ic  S y s te m
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s m a l l .  T h e r e f o r e ,  T in the x equat ion is  a s s u m e d  to be d ir e c t e d  
a lo n g  the x  a x i s ,  u '^^is  the s lo p e  of the d i s p l a c e m e n t  in the y 
d i r e c t i o n  a t  the ta i l  of the m i s s i l e  and i s ,  t h e r e f o r e ,  a p p r o x im a t e l y  
eq u a l  to the a n g le  of  d e f l e c t i o n ,  and u is  the ta i l  s l o p e  in the z
d i r e c t i o n .  The r e s u l t a n t  a e r o d y n a m ic  f o r c e s  in the x, y ,  and z
* * * * 
d i r e c t i o n s  a r e  F  , F  and F  . H ere  F „  i s  a p p r o x i m a t e l y  
X y z  ^
equ a l  to the drag;  F  and F  are  a p p r o x im a t e l y  e q u a l  to the norm -
y z
a l  f o r c e  in the x y  and x z  p la n e s ;  J and J a r e  the j e t  dam p in g
Dy D z
t e r m s  in the xy  and x z  p l a n e s .  The n o r m a l  f o r c e s  a r e  a c t u a l l y  
d is t r ib u te d  f o r c e s  and m a y  be e s t im a t e d  by s e v e r a l  m e t h o d s .
The equ at ion s  of  ro ta t ion  w e r e  d e r i v e d  u s in g  . L a g r a n g e ' s  
equat ion  and the a s s u m p t i o n  that the in s tan tan e ou s  m a s s  m o m e n t  of  
in e r t ia  c a n  be a p p r o x im a t e d  by the r ig id -b o d y  m a s s  m o m e n t  of  
i n e r t i a .  The eq u a t io n s  of ro ta t ion  are ;
*
w h e r e  M g  i s  the m o m e n t  about  the c e n te r  of  m a s s  dur ing  the 
r
a n g u la r  d i s p l a c e m e n t  (r = 1, 2, 3).
The b end in g  eq u at ion s  w e r e  a l s o  d e r iv e d  u s ing  a fo r m  of  
L a g r a n g e ' s  eq u at ion .  T h e s e  equat ions  a r e :
20
F o r  the x z  p lane:
7  r 2  *
q ^ ) «  f  P^^(x,  t)o-j (^>t)dx + T
-A
F o r  the xy  p lane:  ^
M(q + w ) = I* P  (x,  t )T (x )d x  + T u T 
j j j J xy j 2 J
- I
I
w h e re  w . is  the c i r c u l a r  frequency  of the i m od e .
(9)
C H A P T E R  V 
A P P L I C A T I O N  OF THE INTEGRATED METHOD  
5. 1 Introduct ion  
The p u r p o s e  of the e x a m p le  i s  to d e m o n s t r a t e  the u se  o f  the 
equ at ion s  and to c o m p a r e  the m o t io n s  obta ined  f r o m  the so lu t ion  
of the equat ions  with  a c tu a l  f l ight  data.  T h is  e x a m p le  wil l  d e t e r ­
m ine  the m o t io n  of  a ty p ic a l  s econ d  s tage  of the Nitehaw k 9 during  
the p er iod  from  m o t o r  burnout to e x i t  f rom  the a t m o s p h e r e .  The  
ty p ic a l  s e c o n d  s t a g e  and a typ ica l  t r a je c to r y  a r e  d e s c r i b e d  in 
"The Nitehaw k 9" (Ref.  3).
The eq u at ion s  d e r i v e d  in Appendix  A a r e  e x p r e s s e d  in a  
b o d y - f ix e d  co o rd in a te  s y s t e m .  This  was done to s im p l i fy  the 
s e p a r a t io n  of the eq uat ion s  into four m ajor  p a r t s :  the mot ion  of
the c e n t e r  of m a s s ,  the r ig id  body rotat ional  m o t io n ,  the s t r u c t u r ­
a l  d e f l e c t io n s  and the v ib r a t io n a l  m ot ion  of the e l a s t i c  s y s t e m .
It a l s o  a l lo w e d  the eq u at ions  to be e x p r e s s e d  in t e r m s  m ore  f a m ­
i l i a r  to s t r u c t u r a l  e n g i n e e r s .  H ow ever ,  th i s  a p p r o a c h  puts the 
eq u at ion s  in an in c o n v e n ie n t  fo rm  that is  d i f f i c u l t  to u s e .  To so lve  
this e x a m p l e ,  the eq uat ion s  w i l l  be t r a n s fo r m e d  to the " a e r o -  
b a l l i s t i c  s y s t e m " .
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The s o - c a l l e d  aerobal l i s fc ic  r e f e r e n c e  s y s t e m  i s  a s y s t e m  
of a x e s  with i t s  or ig in  f ixed  a t  the c e n t e r  of  m a s s  of the r o c k e t  
and that p i t c h s  and yaw s  with the body but d o e s  not r o l l  with the 
body ( s e e  F i g u r e  4). The equ at ion s  of m o t i o n  a r e  t r a n s f o r m e d  
f r o m  the b o d y - f ix ed  s y s t e m  to the a e r o b a l l i s t i c  s y s t e m  in A ppendix
B. A f t e r  the t r a n s fo r m a t io n ,  the d i s p l a c e m e n t  eq u a t io n s ,  m a s s -  
c e n t e r  tr a n s la t io n a l  e q u a t io n s ,  and b en d in g  equ at ion s  a r e  u n ­
changed f r o m  Equations  (4) , (7) and (9) ,  r e s p e c t i v e l y .  H o w e v e r ,  
the equat ions  of rotat ion .  E quat ions  (8) ,  b e c o m e
(10)
w h e re  r^, r^,  r^ a re  the r o l l ,  pitch and yaw  a n g le s  r e s p e c t i v e l y .
5. 2 G e n e r a l  A p p r o a c h  
The g e n e r a l  a p p r o a c h  to this  p r o b l e m  i s  to u s e  the to o l s  that  
a r e  n o r m a l l y  ava i lab le  to the sounding r o c k e t  d e s i g n e r  to s o l v e  for  
the inputs to an analog  co m p u ter ;  the a n a lo g  c o m p u te r  w i l l  take  
the f l ight  and s t r u c tu r a l  inputs and d e t e r m i n e  the o s c i l l a t o r y  m o t io n  
of the r o c k e t  s y s t e m .  The output of the c o m p u te r  w i l l  then be c o m ­
p ared  to ac tua l  f l ight data f r o m  N iteh a w k  9 f l i g h t s .  The a n a lo g  ,
23
n  X
<'3
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c o m p u te r  is  d e s c r i b e d  in A pp end ix  E.
5. 3 Sy s t e m  D e s c r i p t i o n  
The o v e r a l l  d i m e n s i o n s  of  the s e c o n d  s ta g e  of a N iteh aw k  9 
a r e  s h o w n  in F i g u r e  6. The w e igh t  and E l  d i s t r ib u t io n  a r e  sh ow n  
in  F i g u r e s  7 and 8 .  The v e h ic l e  i s  207 in c h e s  long and w e ig h s  
255 pounds a t  burnout.  The payload  i s  68 i n c h e s  long and w e ig h s  
125 pounds .  The v e h ic l e  has  a p itch (and yaw)  m o m e n t  of  in er t ia  
of 335.  0 s l u g / f t ^  and a ro l l  m o m e n t  of  in e r t i a  of  1. 96 s lu g / f t^ .
The v e h i c l e  c e n t e r  of m a s s  i s  at  s ta t io n  105. 6 in c h e s .  The ch ar t  
below  s h o w s  the thrust  v s .  t im e  c u r v e  for  the T om ah aw k  m o t o r  
which  p r o p e l s  the N itehaw k 9.
O'
F i g u r e  5 F r o m  (Ref .  3)
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5 . 4  F o r m u l a t i o n  of the P r o b l e m  
The m o t i o n  of  the c e n t e r  of  m a s s  of  the v e h ic l e  i s  s i m p l y  
a p o i n t - m a s s  t r a j e c t o r y  a s  sh ow n  in T a b le  1. Table  1 i s  a p o in t -  
m a s s  t r a j e c t o r y  of the s e c o n d  s tage  of a N i t e h a w k  9 and was  e x ­
tra c ted  f r o m  the d e v e l o p m e n t  r e p o r t  of that s y s t e m  (Ref .  3). F r o m  
this  t r a j e c t o r y ,  the g e n e r a l  path of  the body and s o m e  a e r o d y n a m i c  
f o r c e s  m a y  be obtained .
The d e f l e c t i o n  of  the body and the v ib r a t io n a l  m o t io n s  r e s u l t  
in m o m e n t s  that a r e  app l ied  to the m o m e n t  e q u a t io n s .  T h e s e  two  
m o m e n t s  and a l l  o th er  m o m e n t s  a r e  d e t e r m i n e d  in  A ppendix  C.
In o r d e r  to ge t  the equat ions  on the a n a lo g  m a c h in e ,  i t  was  
n e c e s s a r y  to c o m b in e  s o m e  t e r m s  in the r o ta t io n a l  eq u at ions .  
E q u at ion s  (10). Th is  c h a n g e s  the looks  of  the equat ions  but they  
a r e ,  in  fa c t ,  the s a m e  e q u a t io n s .  The eq u a t io n s  a re  r e w r i t t e n  a s  
fo l l o w s  ;
*
w h ere
= f^(t) r^(57.  3) -  f^(t) r^ + f^(t) 1^(0)
3 =  f^(t) r 3 ( 5 7 . 3 )  - 1 ^ 0 0 ^ 3  ^
(12)
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f^(t) = T * (u .^  -  -  Mr^ 1 = 2 , 3
P k  9k
fgXt) “ + M  k = y ,  z
f^(t) = 0. 0015 + 0. 005 s in  CO t w = 188 r a d / s e c .
or 27 Hz
f (t) -  0. 0015 + 0. 005 c o s  cot
5 ( 12)
= 1 .96  s l u g / f t ^  (Cont. )
Iyy = 335 s l u g / f t ^
Initial  C ond i t ion s:
r^(0) = 0
r (O) = 0  r = 0.  882 r a d / s e c .
2
r ^ ( 0 )  = 0. 035  rad r^  = 0
The r o l l  ra te  v s .  t i m e ,  f^(t) and a r e  shown in F i g u r e s  9,  10
and 11 r e s p e c t i v e l y .
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C H A P T E R  VI  
DISCUSSION OF R ESU LTS  
The yaw g y r o  t r a c e s  f r o m  a c t u a l  Nitehawk. 9 f l i g h t s  show ing  
n o r m a l ,  l o c k e d - i n  (or r o U - p i t c h  coupled) ,  and con ing  m o t io n  a r e  
s h o w n  in F i g u r e  13 ( f r o m  R e f .  13). In a t t e m p t in g  to d u p l ica te  the 
m o t io n s  sh ow n ,  the a p p r o a c h  w a s  to u s e  the s a m e  r e l a t i v e l y  s tandard  
r e s t o r i n g  m o m e n t s  ( funct ion  f^) and a e r o d y n a m i c  d a m p in g  (function  
f^) i n o m e n t s  a s  used  for  the norrr.al f l ight .  The o th er  con d it ions  a r e  
then added to d u pl ica te  the l o c k e d - i n  and con in g  f l i g h t s .
F i g u r e  13a s h o w s  the c o m p u t e r  s i m u l a t i o n  of the n o r m a l  or  
d e s i r e d  f l ight .  It can  be s e e n  that the c o m p u te r  f l i ght  data s i m u ­
la te  the a c tu a l  f l ight  data quite  w e l l .  The v e h i c l e  h a s  s l ig h t  
o s c i l l a t o r y  m o t io n  a t  burnout;  i t  dam p s l i g h t s  and then d i v e r g e s  
s l i g h t ly  a s  the v eh ic le  l e a v e s  the a t m o s p h e r e .  T h is  i s  shown to 
be a n o r m a l  f l ight  by Stone (R ef .  14).
F i g u r e  13b s h o w s  a s i m u l a t i o n  of  r o l l - p i t c h  coupl ing .  N o t ice  
that the m o t io n  i s  h ig h ly  d i v e r g e n t  when the r o l l  rate  i s  the s a m e  
a s  the p i tch  f req u en cy .  The ben t  payload  m o m e n t  w as  u sed  a s  the 
d i s tu r b in g  m o m e n t  to c a u s e  the two f r e q u e n c i e s  to lo c k  to g e th e r .
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an<i C onin g  M o t io n .  ( F r o m  R ef .  13)
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The d i f f icu l t  m o t io n  to s i m u l a t e  i s  the coning  m o t io n .  
S e v e r a l  d i f f e r e n t  a t t e m p ts  w e r e  m a d e  to d u pl ica te  the m o t i o n  on 
the c o m p u t e r .  The d i f f e r e n t  c a s e s  a r e  a s  fo l low s:
C a s e  1. F i g u r e  I3c s h o w s  the s i m u l a t e d  m o t io n  of the v e ­
h ic l e  with the bent pay load  m o m e n t  a s  the on ly  a d d i t io n a l  
a p pl ied  m o m e n t .  Note  that the bent  payload has  very- 
l i t t le  e f f e c t  on the tota l  m o t i o n  of  the v e h i c l e .
C a s e  2 .  F i g u r e  13d s h o w s  the s i m u l a t e d  m o t io n  of  the  
v e h i c l e  with the a r b i t r a r y  m o m e n t  ap p l ied .  N o t ic e  that  
the o s c i l l a t io n  tends  to d r i f t  off  f r o m  the l ine of f l ig h t  
but there  i s  l i t t l e  i n c r e a s e  in  the con in g  m o t io n .
C a s e  3. F i g u r e  I3e s h o w s  the m o t i o n  c a u s e d  by a p p ly in g  
both the bent pay load  m o m e n t  and the a r b i t r a r y  m o m e n t .  
T h e r e  i s  l i t t le  or  no e f f e c t  on the to ta l  m o t io n  of  the v e h i c l e .
C a s e  4 .  The m o t io n  o f  the v e h i c l e  was  d e t e r m i n e d  u s in g  
the v ib rat iona l  m o m e n t  c a u s e d  by the cont inuous v e h i c l e  
(no lo o s e  jo in t ) .  T h e r e  w as  no n o t ic e a b le  d i f f e r e n c e  in  the 
r e s u l t i n g  m o t io n  for th is  f l ight  and the n o r m a l  f l i ght  m o t io n .  
The bent payload  m o m e n t  w as  a p p l ie d  in addit ion  to the v i ­
b ra t ion a l  m o m e n t  and the r e s u l t i n g  m o t io n  was  i d e n t i c a l  to  
that in  C ase  2.
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C a s e  5.  The m o t io n  of the v e h ic l e  was  d e t e r m i n e d  us ing  
the v ib r a t io n a l  m o m e n t  c a u s e d  by the v e h i c l e  with a lo o s e  
p ay load .  S ince  the payload  w i l l  bend, the m o m e n t  ca u s ed  
by the m a s s  o f f s e t  is a l s o  inc luded .  F i g u r e  12f s h o w s  
the r e s u l t i n g  m o t io n .  The v ib ra t io na l  m o t i o n  c o u p le s  with 
the r o l l  ra te ,  and  the yaw ang le  (and h e n c e  the p i tch  an g le )  
beg in s  to get  l a r g e r .  A s  the v e h ic l e  l e a v e s  the a t m o s p h e r e  
and no lo n g er  h a s  a r e s t o r i n g  or  d a m p in g  m o m e n t ,  it can be  
p r e d ic t e d  that the yaw ang le  w i l l  grow  to a va lue  o f  10-15 
d e g r e e s .  T h is  p r e d ic t i o n  is  b a s e d  on co n s erv a t io n ,  of an gu lar  
m o m e n tu m .
C a s e  6.  F i g u r e  I3g s h o w s  the m o t io n  of the v e h i c l e  with the 
bent payload ,  i t s  v ib ra t ion a l  m o t io n  and the a r b i t r a r y  m o m e n t  
a l l  c o m b in e d .  The m o t io n  i s  s im p ly  a s u p e r p o s i t i o n  of the 
m o t io n  of C a se  2 and C a s e  5. The m o t io n  tends  to dri f t  off  
f r o m  the line of  f l ight  and the yaw ang le  g r o w s  to a p r e d ic te d  
10-15 d e g r e e s .
The req u ir ed  f l ight  p e r f o r m a n c e  for  the N i teh a w k  9 (Ref.  3) 
s p e c i f i e s  that the m a x i m u m  a l lo w a b le  con in g  a n g le  is ± 5  d e g r e e s .  
A b o u t  o n e - fo u r th  of  the  t e s t  units  fa i l e d  to m e e t  th is  r e q u i r e m e n t  
by v a r y in g  a m o u n ts .  M o s t  of the units  that had la r g e  co n in g  a n g le s  
atta in ed  a n g l e s  b e t w e e n  i  10 and ±30  d e g r e e s .  F l ig h t  152-45  shown
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in  F i g u r e  8a had a con ing  an g le  of  ± 30 d e g r e e s ,  which  was  typ ical .  
T h is  c a s e  d o e s  c a u s e  con in g  and d o e s  d u p l ica te  the s m a l l e r  coning  
a n g le  f l i g h t s .  H o w e v e r ,  i t  d o es  not a c c o u n t  for the la r g e r  coning  
a n g l e s .
C a s e  7.  One of the ad v a n ta g es  of an  a n a lo g  c o m p u ter  r e s t s  
i n  the fa c t  that once  the inputs a r e  in  the c o m p u te r ,  th e ir  
m a g n i t u d e s  a r e  e a s i l y  changed .  A l l  the input m o m e n ts  w ere  
i n c r e a s e d  to l a r g e r  v a lu e s  in an  a t t e m p t  to dupl icate  the l a r g ­
e r  c o n in g  an g le  f l ight  data.  The only  dupl icat ion  obtained  
o c c u r r e d  when the v ib ra t io n a l  input with  the lo o s e  payload was  
i n c r e a s e d  by a f a c to r  of four ,  i . e . ,  the input was changed to 
(0 .0 0 1 5  0 . 0 2  s i n  w t). See  F i g u r e  13h.
The m o t io n  obtained w as  v i r tu a l ly  id e n t ic a l  to the 
l a r g e  con ing  a n g le  f l i ght  data .  It i s  an  i n t e r e s t i n g  o b s e r v ­
a t io n  but one that i s  d if f icul t  to d upl ica te  in ac tua l  f l ight  
c o n d i t i o n s .  The a c c e l e r o m e t e r s  f low n in m o s t  s m a l l  r o c k e t s  
r o c k e t s  do not m e a s u r e  data b e low  50 Hz; th e r e f o r e ,  e v e n  
though the c o m p u te r  s im u la t io n  d u p l i c a t e s  the f l ight  data 
t h e r e  i s  no. a s s u r a n c e  that s u c h  a v ib r a t io n a l  en v ir o n m e n t  
e x i s t s  in  a c tu a l  f l ight .  Of c o u r s e ,  the m agnitude of the 
v ib r a t i o n  m a y  be s o m e w h a t  g r e a t e r  than those  ca lcu la ted  
s i m p l y  b e c a u s e  on ly  the th ru st  ind u ced  v ibrat ions  w ere  
c o n s i d e r e d .  T h is  f l ex ib le  jo in t  r e a s o n i n g  m a y  fu r th er  be
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s tr e n g t h e n e d  by the fac t  that the coning h a s  been  g r e a t l y  
r e d u c e d  by s t i f fen in g  the payload s e p a r a t io n  joint.
C a s e  8.  In o r d e r  to d e te r m in e  the e f f e c t  of  r e d u c in g  the 
a e r o d y n a m i c  c o e f f i c i e n t s ,  funct ion  f  ^ and function  f^ w e r e  
r e d u c e d  in  s t e p s .  It was found that a 20% red u ct io n  in  f ,^ 
the r e s t o r i n g  m o m e n t ,  did not i n c r e a s e  the m agnitude  of  the 
o s c i l l a t i o n  angle  but did reduce  the f r e q u e n c y  s l i g h t ly .  
H o w e v e r ,  a 20% red u ct ion  in  f^, the d am p in g  m o m e n t ,  c a u s e d  
the s y s t e m  to d iv e r g e  without a n y  d i s tu r b in g  m o m e n t .
C a s e  9.  In an a t te m p t  to ge t  a c o m p le t e  c o m p a r i s o n ,  the 
r ig id  body m ot ion s  w e r e  run on the a n a lo g .  The r ig id  body  
m o t io n  w a s  d e t e r m i n e d  using f  ^ for  r ig id  body in F i g u r e  10 
and the f g shown in  F igure  11. F i g u r e  13i s h o w s  the m o t io n  
of the r ig id  v e h ic le  with the s tandard  r e s t o r i n g  m o m e n t s  and  
a e r o d y n a m i c  d am ping  m o m e n t s .  With the s a m e  in i t i a l  c o n ­
d i t io n s  a s  u s e d  in the flight sh ow n  in  F i g u r e  13a, the r ig id  
body m o t i o n  i s  a l m o s t  id ent ica l  to the n o r m a l  e l a s t i c  f l ight .
The f ina l  am pl i tud e  of  the r ig id  body m o t i o n  i s  s l i g h t l y  s m a l l e r  
than the e l a s t i c  m o t io n  and the f r e q u e n c y  i s  d i f f e r e n t .  A t  
two s e c o n d s  a f ter  burnout, the rigid body f r e q u e n c y  w as  2.  5 
Hz w h i le  the e l a s t i c  body fr e q u e n c y  w a s  2. 75 Hz.  The  
r ig id  body m o t io n  w a s  d e te r m in e d  u s in g  an ap p l ied  m o m e n t
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c a u s e d  by a bent  r o c k e t  and the a r b i t r a r y  m o m e n t .  T h e s e  
m o t io n s  a r e  shown in  F i g u r e s  I3j and 13k.  It should  be noted  
that th e s e  m o t io n s  a r e  v ery  s i m i l a r  to their  c o r r e s p o n d in g  
c a s i n g  in the e l a s t i c  body m o t i o n  which  a r e  shown i n  F i g u r e s  
13c and 13d, r e s p e c t i v e l y .  T h is  in d ic a te s  that the only large  
e f f e c t  on the total  m o t io n  of the v e h i c l e  was c a u s e d  by c o u p ­
l ing b e tw een  the v ib rat iona l  m o t i o n  and the yawing m o t io n .  Of 
c o u r s e ,  t h e r e  is no v ib rat iona l  m o m e n t  for the r ig id  body c a s e .
C H A P T E R  VII 
CLOSURE
The in te g r a te d  a p p r o a c h  p r o v id e s  a new and p o w e r fu l  tool  
for the sounding  r o c k e t  d e v e l o p m e n t  e n g i n e e r .  It a l l o w s  the e n g in ­
e e r  to d e t e r m i n e  the e f f e c t  of v a r io u s  p e r tu r b in g  m o m e n t s  on the 
o s c i l l a t o r y  m o t io n  of  the v e h i c l e .  F u r t h e r m o r e ,  s i n c e  the en g in ­
e e r  m u s t  have  a p o i n t - m a s s  t r a j e c t o r y ,  a e r o d y n a m i c  p i tch ing  and 
d am p in g  c o e f f i c i e n t s  and an a e r o e l a s t i c  a n a l y s i s  f o r  the b a s i c  d e ­
s i g n  of  a v e h i c l e ,  the o s c i l l a t o r y  a n a l y s i s  can be d o n e  with  v e r y  
l i t t le  e x t r a  e f fo r t .
The a n a l y s i s  o f  the N i teh aw k  9 by this  m e t h o d  s i m u l a t e s  the 
a c tu a l  f l ight  data v e r y  c l o s e l y .  It sh ow ed  that the e x t r a - a t m o s ­
p h e r ic  con ing  of the N i teh a w k  m a y  be c a u s e d  by the cou p l in g  of  the 
v ib r a t io n a l  m o t io n  with  the r o l l  m o t io n .  It f u r t h e r  s h o w e d  that  
v a r i a t i o n s  in  the r e s t o r i n g  m o m e n t s  had v e r y  l i t t l e  e f f e c t  on the 
m agn itu d e  of  o s c i l l a t i o n s  but that the f r e q u e n c y  of o s c i l l a t i o n  was  
a f fec ted ;  h o w e v e r ,  l o w e r i n g  the dam ping  m o m e n t  c a u s e d  the o s c i l l a ­
t ion s  to g r o w .
M o r e  i n v e s t i g a t i o n  i s  n eed ed  in the f o l l o w i n g  a r e a s :
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1. A m o r e  d e ta i l ed  a n a l y s i s  of  the v ib rat iona l  m o t io n  of  
the v e h ic l e  inc luding  the t h r u s t  induced  v ib ra t io n s ,  the 
a e r o d y n a m i c a l l y  induced v i b r a t i o n s  and the s o n i c a l l y  i n ­
d uced  v ib r a t i o n s .
2 .  An a n a l y s i s  to d e t e r m i n e  the e f f e c t  c r e a te d  by a p a y ­
load  that i s  l o o s e  enough f o r  the s y s t e m  to r e a c t  to the 
f o r c e s  and m o m e n t s  a s  a tw o - b o d y  s y s t e m .
3. A n  a n a l y s i s  of  f a c t o r s  that cou ld  c a u s e  an  in s t a n t ­
a n e o u s  r e d u c t io n  in the a e r o d y n a m i c  damping.
4 .  T e s t  and a n a l y s i s  to d e t e r m i n e  an ap p rop r ia te  ma gnus  
m o m e n t .
5 .  T e s t  and a n a l y s i s  to d e t e r m i n e  an a p p rop r ia te  l e e - s i d e  
v o r t i c i t y  induced  m o m e n t .
6.  T e s t  and a n a l y s i s  to d e t e r m i n e  the e f f ec t  of  a bent  or  
l o o s e  payload on a e r o d y n a m i c  c o e f f i c i e n t s .
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A P P E N D I X  A
INTRODUCTION TO THE DERIVATION O F D Y N A M IC A L  EQUATIONS  
The p u rp o se  of th i s  part  of  the a n a l y s i s  i s  to  d e r i v e  the 
g e n e r a l  d y n a m i c a l  e q u a t io n s  that g o v e r n  the m o t i o n  of an  e l a s t i c  m i s s ­
i l e  in f r e e  f l ight .
The fo l l o w in g  a s s u m p t i o n s  a r e  m a d e :
1. The m a s s  o f  the m i s s i l e  i s  a funct ion  of  x  o n l y . ’
2.  T he  l a t e r a l  bending i s  gove im ed  by T i m o s h e n k o  b e a m
th e o r y .  E v e n  though m o s t  sounding  r o c k e t s  a r e  long  
and s l e n d e r ,  the equat ions  a r e  w r i t t e n  to inc lude  the 
o c c a s i o n a l  s h o r t  m i s s i l e  by in c lud ing  the e f f e c t s  of  
r o t a r y  in e r t ia  and s h e a r  d e f o r m a t i o n .
3.  The t o r s i o n a l  r ig id i ty  i s  a s s u m e d  to be in f in i te .
4 .  The d e f l e c t i o n s  of the m i s s i l e  r e l a t i v e  to the m o v in g
a x e s  a r e  r e p r e s e n t e d  by n o r m a l  m o d e  o s c i l l a t i o n s .
5.  S tr u c tu r a l  damping  i s  n e g le c t e d .
The C oordinate  S y s t e m  
F i g u r e  I s h ow s  the g e n e r a l  c o o r d in a te  s y s t e m .  The v e l o c i t y  
of the c e n t e r  of  m a s s  i s  denoted  by V and it i s  d i r e c t e d  a lo n g  the
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tan gent  to t i*ajecloi 'y of the c e n te r  of m a s s .  The m i s s i l e  c o n f i g u r ­
a t io n  i s  d e s c r i b e d  r e la t iv e  to a s e t  of  m o v i n g  a x e s  (x,  y, and z)  
w h ic h  h a s  i t s  o r i g i n  f ixed  at  the c e n te r  of  m a s s .  It i s  a righthanded  
o r th o g o n a l  s y s t e m  that i s  f ixed  in the m i s s i l e  body and c o i n c i d e s  
with  the u n d e f le c t e d  m i s s i l e  p r in c ipa l  a x e s .  The x - a x i s  i s  d ir e c te d  
a lo n g  the lon g i tu d in a l  a x i s  of  s y m m e t r y  of  the u n d e f lec ted  m i s s i l e  
D i s p l a c e m e n t s  a lo n g  the x a x i s  a r e  d en o ted  by Up a lo n g  the y a x is  
by u^ and a lo n g  the z a x i s  by u^.
The in c l in a t io n  of  the x a x i s  f r o m  the v e r t i c a l  i s  denoted  by ? .
R ota t ion  ab ou t  the x  a x i s  i s  denoted by (ro l l ) ,  about the y a x i s  by
0  ^ (pitch)  and about  the z a x i s  by 0^(yaw). The coord in a te  s y s t e m  is  
o r i e n te d  s o  that the x - a x i s  i s  in the t r a j e c t o r y  p lane .
The D i s p l a c e m e n t  Equat ions  
The d i s p l a c e m e n t s  can  be e x p r e s s e d  in the fo l low in g  form :
u (x ,  t) = c (t) + x c . ( t )  + 2  0. • qi(t)
L u 1 1=1 1
V
U^(x, t) = c ^ ( t )  + xc^(t) + T. • q^(t) (13)
fU^(x, t) = M t )  + xk^(t) + J 4^i • qi^(t)
* It can  be s h o w n  that with this  s e l e c t i o n  of x - a x i s  o r ien ta t io n ,  the 
a n g u la r  m o m e n t u m  o f  the m i s s i l e  r e l a t i v e  to the m o v in g  a x e s  is
z e r o .
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w h e r e  0 . ,  T # tr a r e  the e i g e n fu n c t io n s  of a f r e e - f r e e  b e a m  and  
 ^ j k
q ., q . and q a r e  the c o r r e s p o n d i n g  g e n e r a l i z e d  c o o r d i n a t e s .  In 
 ^ J k
t h e s e  e x p r e s s i o n s ,  the c o n s ta n t s  c , C , k , and c . C , , k, a r e
o o o I I I
p a r a m e t e r s  that r e p r e s e n t  r i g id - b o d y  d i s p l a c e m e n t s  and r ig id  «body  
r o ta t io n s  of  the m i s s i l e  r e l a t i v e  to the body f ixed  a x e s .  T h e s e  
p a r a m e t e r s  a r e  a l l  z e r o  b e c a u s e  the a x e s  w e r e  c h o s e n  s u c h  that  
t h e r e  is no r i g i d - b o d y  m o t io n  r e l a t iv e  to the m o v i n g  a x e s .  Then  
the equat ions  take the f o r m  p r e v i o u s l y  p r e s e n t e d  a s  E q u at ion s  (4).  
Now  c o n s id e r in g  the c o r r e s p o n d i n g  a n g l e s  of ro ta t io n  of a m i s s i l e  
e l e m e n t ,  the e q u a t io n s  a r e
xl/(x,t) = C  ( t ) +  A  ^ . ( x )  • q (t)
1 J-1 k (14)
00
A(x , t) = C^(t) + Xj(x) • q^(t)
w h e r e  Cj,(t) and k^(t) a r e  z e r o  a s  d i s c u s s e d  p r e v i o u s ly .  T h e r e  i s  no 
eq uat ion  for an  e l e m e n t  r o ta t in g  about the x  a x i s  b e c a u s e  of the 
a s s u m p t i o n  that the m i s s i l e  i s  rig id  in  that p lane .  Th is  equat ion  
t a k e s  the f o r m  o f  E q u a t io n s  (5) .
The D e r iv a t io n  o f  the K i n e m a t i c  R e la t io n s  for V e l o c i t i e s  f r o m  F i g u r e  2.
P =  R + P ; p = (x + Uj^)F + (y +U2 ) T  **■ (z  + U3) F  (15)
P  = R + P  = R + ( x + u , ) i  + ( x  +u. )  i + (ÿ  + Up) j
-  . . -  -  (16)
(y 4- U2 ) j + (z + t ij) k + (z  + u^) k
F r o m  G r een w o o d  (Ref .  22)
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i =8^j -  ; j = - 0^i ; k = 0^i -  0^j (17)
Th en  the v e l o c i t y  can  be w r i t t en
P = R + (x + tij^ ) i  + (y  + u^) j + (z + u^) k + (x +u^)(0^j -  0 ï^ê)
+ (y -  8 gi) + (z -  O j^) (18)
Th en  noting that x =. y = z = 0 b e c a u s e  the c o o r d i n a t e  s y s t e m  is  b ody-  
f ixed ,  the v e lo c i ty  b e c o m e s
P  = R + -  (y + u^)^^ + ( z  + u^)0^ ] i -*[^2 + (x + u )^Q^  -  (z  + u^)0^] j
+ [u^ - (x +u^)0^ +(y  + u ^ )0 ^ ]k  (19)
Th en  the a b s o lu te  v e l o c i t i e s  a r e
= R ^  + -  (y + u^)8g + (z  +u^)G^]
Vy = l iy  +[ug + (x + U|)0^ -  (z  + U g )O j  (20)
Vg = R g +  -  (x + U] )^8  ^ (y  +
A c c e l e r a t i o n s  f r o m  F i g u r e  2 
The v e l o c i ty  c o m p o n e n ts  of  the c e n t e r  of  m a s s  can be e x p r e s s ­
ed in t e r m s  of the f l ig h t -p a th  v e l o c i ty  and c o o r d i n a t e s  in the fo l low ing  
m a n n e r .
R = V c o s  a , R = V c o s  Q , R = V  s in  a  (21)
X o y o z o
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It should  be noted that the tota l  angu lar  r o ta t io n  of a point on the
m i s s i l e  a x i s  is  not s i m p l y  0^  about  the y a x i s  and 3^  about  the z a x i s .
Making a s m a l l - a n g l e  a s s u m p t i o n ,  the ro ta t ion  in the p itch  plane
(xz plane) i s  0^ + 3 u ^ / 3 x  and the ro tat ion  in  the yaw plane (x y  p lane)
i s  0 + 3u  / 3x .  T h e r e f o r e ,  the total  p itch  an g le  of  a t ta c k  i s  not
3 2
0 = 7 - 0  ^ but a ^  = -y -  8^ -  au^/@x. The to ta l  yaw angle  o f  a t tack  
i s  0 = 8g + 9 u ^ / 3 x .  The a c c e l e r a t i o n  co m p o n e n t s  of  the c e n t e r  of  
m a s s  can  now be w r i t t e n  in t e r m s  of the f l ig h t  path v e l o c i t y  and  
c o o r d i n a t e s  a s :
R ~ V  c o s  a -  V  a  s i n  a cx = o< -  0
X o o 2
A = V cosct  -  V 7 s i n  01 eX = 7
X  o °
( 3 = 0 ^ +  3 u ^ / b x  (22)
R = V c o s  0  -  V 0  sin/J
A = V c o s /3 -  V 0^ s i n g  
y o o 3
R -  since + V ce cos(K 0 -  Q
z  " o
A  -  V  since V 7coscC z  o o
D e r i v a t i o n  of  the Kinet ic  E n e r g y  of the S y s t e m  
The k in e t i c  e n e r g y  a s s o c i a t e d  with the v e l o c i t y  of p o in ts  a lo n g  
the m i s s i l e  a x i s  i s :
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A
. - u
T = 2 I (V  ^ + V  ^ H-V dm  
L . I X  y z
-1
1_
= 2
■A
+ F r  4- u. + (x + u ) 0 -  (z  + u )0 1
L y 2 1 3  3' ij
(23)
Now c o n s i d e r  the k in e t ic  e n e r g y  due to the r o ta r y  in e r t ia  of e a c h  
i n f i n i t e s i m a l  t r a n s v e r s e  s l i c e  of  the m i s s i l e .  The an gu lar  v e l ­
oc i ty  of  any  s l i c e  i s  g iv e n  by the r ig id -b o d y  ( 0^, 83) ro ta t ion a l  
v e l o c i t y  and the r o ta t io n a l  v e l o c i t y  a s s o c i a t e d  with bending  A). 
The c o r r e s p o n d in g  k in e t ic  e n e r g y  is
L
R
2 2 2 2 
r (a^ •*'k) + r ( 0  ^ + A) dm (24)
- I 1
w here  r i s  the r a d iu s  of g y r a t io n  of e a c h  e l e m e n t .  A n g l e s  4/ and A 
a r e  d e f ined  in  the d e r i v a t i o n  of  the d e f l e c t io n  e q u a t io n s .  The total
k inet ic  e n e r g y  i s
T = T + T, (25)
55
The E q u a t io n s  of  Rotat ion  
The L a g r a n g ia n  eq u a t io n  for s o m e  rotat ion i s  
d f è T \  àT
~ d t \ S T ) '  ST ° “î
The k in e t ic  e n e r g y  of  the s y s t e m  was  show n  to be
■ - Ù
T t  =
(26)
r .  • 2
|_^y 2^ +^^)^3 -  (z + u^)0^j
j ^ R ^ - K i j - { x + U j ) 0 2  + ( y + > . ^ ) 0 j  I d m
(27)
The L a n g r a n g ia n  e q u a t io n  for  0^  is:'
i Z -
à e
'' 2^
= /  j  -  (y + Ug) 0  ^ + (z + u^) e^ l  (z +U3 )
- I
^^ 3 ■*■ (^ +Uj,)02 + (y + u^) 0  ^j  (x + u^) I
Ü2
dm
+ /  r^(8  ■*•'Î')^(i) d m
or
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àe y  I + “ 3) + * “ 3 ) ■ (y^ + "j'* + “ 3/  + “2 “ 3)®:
A
+ (z^ + 2u_z  + “3 ' ^ ]  " (x + u y  + (x + u^)u^
+ (x^ + ZiXj x^ +Uj^^)02 + (xy  + u ^ x  f u ^ y  + u^u)0j^
h  3 . .
J  r (02 + ^ )  d m  
l
d m
(28)
+
J
T e r m s  of the form  R d m  , and
J ' '1' dm  van ish  b e c a u s e  of  p r o p e r t i e s  of the e i g e n fu n c t io n s  and  
t e r m s  l ike  u^ y dm v a n is h  b e c a u s e  the o r ig in  of  the c o ­
o rd in a te  s y s t e m  is  at  the c e n t e r  of  m a s s .  Then,  E q u at ion  (28)  
b e c o m e s
h
~  ■= j"  j -y z 0 ^  + (z^  + u ^^ )02  + (x^ 4- Uj^  )0 2  + xy0j^jJm+ J  r^ 0^ dm
 ^ /t I ^
. . (29)
= Ig 0^ I- J  ( - x z 0 g  + xy0^) dm
' k
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w h e re  n
~ f  (z^ + + u - ^ + u , ^  + r^ )d m  (30)
h  - t
The t e r m à T / à 0  ^ v a n i s h e s  in this  c a s e  b e c a u s e  the k in e t ic  e n e r g y  
eq u at ion  is  independent of  8 ^.
The g e n e r a l i z e d  f o r c e  Qq eq u a ls  the m o m e n t  about the c e n t e r  
of m a s s  of a l l  the e x t e r n a l  f o r c e s  that p r o d u c e  w ork  during  a v e r t i c a l  
d i s p l a c e m e n t  A 8^. F r o m  F ig u r e  3
V
where  M *  i s  the m o m e n t  about the c e n t e r  of m a s s  dur ing  the 
®2
a n g u la r  d i s p l a c e m e n t  A 8^. Then the L a g r a n g ia n  equat ion  b e c o m e s
dt
or
1
^ ( ^ 0  (  " ^^®3 " x y 8  ^ + x y 0  ^ + x y 0 j^ dm
= J H  ^ T"u  ^ + T u + M
D z n  3T 1 3T 02 (32)
T e r m s  s u ch  a s  -J "(xz -  xz )d m  a r e  r e c o g n i z e d  a s  angular  m o m e n tu m
t e r m s .
The t e r m s  0 J "xz dm and '^^J' v a n i s h  b e c a u s e  the coord inate  
a x i s  i s  a lon g  the p r in c ip a l  a x i s  of the body.  Then equat ion  (32) becom es
_d
dt
58
(■9/ 2)
where  (yz -  yz )d m  = ^xx^l 
(xz -  X 2 i ) d m  =  Iyy02
(xy -  x y )d m  = Izzè^
Thê~'ëxpression,  for  I i s  the in s ta n ta n e o u s  m a s s  amount  of in er t ia
®2
b e c a u s e  the co n f ig u ra t io n  of  the m i s s i l e  c h a n g e s  with r e s p e c t  to the 
a x e s .  H o w e v e r ,  in the p r a c t i c a l  s i tu a t io n ,  th is  v a r ia t io n  w i l l  be 
s m a l l  c o m p a r e d  to the to ta l .  The a p p r o x i m a t i o n  g e n e r a l ly  used  i s
that the m o m e n t  of  in er t ia  i s  in d ep en den t  of t im e  and eq u a l  to
A
I = /  (z^ + x^) d m  ( 3 4 )yy
With th is  a s s u m p t i o n ,  the L a g r a n g ia n  eq u a t io n  b e c o m e s
The L a g r a n g ia n  equat ion  for  0^ i s  d e r i v e d  in a s i m i l a r  m a n n e r .
'03 Dy 1 2 t 4  2 T  0
Q = J 8 « Tu ' /) + T u  + M *  (36)
Th en  the L a g r a n g ia n  equat ion  b e c o m e s
A
_ d
dt
L * . ’ > A
J '  ( -  yz02  “ (^Dy " ^2T^A "^ .^2T *^ 0^3 
(37)
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Making the s a m e  a s s u m p t io n  a s  for  Iq .
A  z z "I = I = /  ( x + y )  d m
®3 X
"A
(38)
B e c a u s e  of  the a x i a l  s y m m e t r y  o f  m o s t  so u n d in g  r o c k e t s ,  the
m o m e n t s  o f  in e r t i a  I and I a r e  eq u a l .  In a m a n n e r  s i m i l a rzz  yy
to the 6^ eq u at ion ,  this  equat ion  r e d u c e s  to
The one r e m a i n i n g  rota t ion equat ion  i s  the r o l l  e q u a t io n .  In this
c a s e
ÔT 
Ô 0,
: = y  I + ûg +(x V ® 3 ■* ■'■'"3^ ®l] [ ” '*'"3)j
1 " A  
+ Ù3 +(x + u^)8^ + (y I- ^2)0^1 y + ^2j
With the p r e v i o u s  a s s u m p t i o n s ,  th is  b e c o m e s
Ô J  
3 9.
/ z  r  . , 2 . 1
= /  -  XZ03 + (z^ + u^^)0  ^ + x y 0  ^+ (y^ + u^)©^
 ^ "A
dm
(40)
or
K ;  V ‘
h
■\rf (-XZ0 +xyÔ_) d m
•A
(41)
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w h e r e
" i -
Ig ^  (y^ + dm  (42)
- i l
S in c e  the k ine t ic  e n e r g y  i s  not a fu n c t io n  of 0^,
â T / ô 0 ^ = O .  (43)
The g e n e r a l i z e d  fo r c e  i s  the m o m e n t  a c t in g  about the x  a x i s .  The x  
a x i s  is  a s s u m e d  to be the r o l l  a x i s  and the only m o m e n t  a c t in g  i s  the 
a e r o d y n a m i c  r o l l  m o m e n t ,  Mg .
T h e n  the L a g ra n g ia n  eq uat ion  b e c o m e s
r  • = M* (44)
U s i n g  the p r e v io u s  a s s u m p t i o n  and r e c o g n i z in g  the an gu lar  m o m e n t u m  
t e r m s .  E q uat ion  (44) b e c o m e s
But sounding  ro ck e t s  a r e  g e n e r a l ly  a x i a l l y  s y m m e t r i c  and d y n a m ic a l l y  
b a la n c e d ,  s o  ~ ^yy * T h e r e f o r e ,  Equat ion  (45) r e d u c e s  to
M ot ion  of  the C e n t e r  of  M a s s
U s i n g  N ew ton 's  s e c o n d  law  and r e f e r r i n g  to F i g u r e  3,  one o b ­
ta in s  the equat ions  of m o t io n  for  the c e n t e r  of m a s s
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M(x) a  = T -  Mg c o s  T) + F  *
X X
M(x) A_ = Tu + Mg s i n  77 -  J + F  
 ^ 3T Dz z
In the d e r i v a t i o n  of  th ese  e q u a t io n s ,  the a n g le  of  in c l in a t ion  f r o m  the  
v e r t i c a l ,  »? , i s  a s s u m e d  to be s m a l l .  T h e r e f o r e ,  T in the x  
eq u a t io n  i s  a s s u m e d  to be d i r e c t e d  a lo n g  the x  a x i s ,  u^ -j> i s  the 
s l o p e  o f  the d i s p l a c e m e n t  in the y d i r e c t i o n  a t  the tail  of the m i s s i l e  
and i s ,  th e r e fo r e ,  a p p r o x im a t e l y  e q u a l  to the a n g le  of d e f l e c t io n ,
Ujrj, i s  the s lop e  in  the z d i r e c t i o n .
The resu l tan t  a e r o d y n a m i c  f o r c e s  in the x ,  y and z d i r e c t i o n  
a r e  1^“', F and H e r e  F ^  i s  a p p r o x i m a t e l y  equal  to the
n e g a t iv e  of  the drag; F ^  and F^  ^ a r e  a p p r o x i m a t e l y  equal to the 
n o r m a l  fo rce  in the xy  and x z  p lane;  and are  the j e t  d a m p ­
ing f o r c e s  in the xy  and x z  p la n e s .  The n o r m a l  f o r c e s  in the xy  and  
x z  p la n e s  a r e  ac tu a l ly  d i s t r ib u te d  f o r c e s  but th e s e  fo r c e s  a r e  not  
w e l l  de f ined  for large  M ach  n u m b e r s .  M i l e s  and Young (R ef .  23)  
s h o w e d  in their  rep o r t  that the s l e n d e r  body a p p r o x im a t io n  i s  v e r y  
s e n s i t i v e  to d i s c o n t in u i t i e s  in m i s s i l e  body s lo p e  and the a p p r o x i m a t i o n  
i s  not a c c u r a t e  for Mach n u m b e r s  a b o v e  two.  A n  a p p r o x im a t io n  that  
i s  v a l id  at  high Mach n u m b e r s  and that is  at  l e a s t  l e s s  s e n s i t i v e  to 
d i s c o n t i n u i t i e s  in s lop e  i s  the p i s t o n - t h e o r y  a p p r o x im a t io n  d e v e l o p e d
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by L ig h th i l l  (Ref .  21). H o w e v e r ,  this  a p p ro x im a t io n  r e q u i r e s  c a r e ­
ful d e f in i t io n  of lo c a l  p a r a m e t e r s  s u c h  as lo c a l  v e l o c i t y  and lo c a l  
downv/ash .  S o u n d in g -r o c k e t  d e s i g n  m e th o d s  have not ye t  r e a c h e d  
that d e g r e e  of  s o p h i s t i c a t io n .  It i s  c o m m o n  p r a c t ic e  in  the s o u n d ­
ing r o c k e t  f ie ld  to d e t e r m i n e  a d i s tr ib u ted  load u s in g  a s e m i - e m p i r i ­
c a l  m eth od  d e s c r i b e d  in  R e f e r e n c e  14 and then c o r r e c t i n g  the load  
to c o r r e s p o n d  to wind tunnel  data.  This m eth od  is d e s c r i b e d  in  
A p p en d ix  C. S in ce  a c tu a l  f l ight  data and wind tunnel  data  a r e  
a v a i l a b l e ,  the m eth od  d e s c r i b e d  in Ref .  14 w i l l  be u s e d  in  th is  
a n a l y s i s .
The D e r iv a t io n  of the Ben d in g Equat ions  
The L a g ra n g ia n  equ at ion  for a n o r m a l  bending m o d e  i s
d / ô T ' \  àT ,-)V
(48)
'  o q /  n n
Now to f.ind the p a r t s  of the equat ion  in  the u^ d i r e c t i o n
/ z
-A
(49)
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F r o m  the d e f l e c t i o n  e q u a t io n s .
oo 0^  .
U (x, t) = 2  (x)  ' q j t )  '•'= 2  'P U )  • q (t)
i  k=l ^ ^ j - l  k k
a W a q ^ . =qi k
(50)
then  I
S T /d q
[ S
r - . \  r z
(x + u^)0^ + (y + q ^ dm
i I
(51)
+ I r (e^+y-) k  dm
■A
T h is  e x p r e s s i o n  c a n  be s i m p l i f i e d  by us ing  the p r o p e r t i e s  of the 
e i g e n fu n c t i o n s  g iv e n  in a s e p a r a t e  s e c t io n .
B r e a k i n g  the i n t e g r a l s  into p a r t s ,  i t  can be s e e n  that
r h  J z  . ^ 2
n i f f ,  d m  = 0 , u 0, I (T, dm  = 0 , u ,8  /  ff, dm  = 0 
z  I k 2 1 /  k 1 2 /  k
■I
k • A
I
(52)
d m  a 0
'2
X dm = I y d m  = 0I
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T h u s ,  the only  ter m s  l e f t  a r e
Jz
I  + r^^ i/,^) dm (53)
Th en  f r o m  the d i s p l a c e m e n t  eq u at ion ,
/ z
J f  K  • " k + Vk ) ' ^ k j
. ' 2
“ ■’i l  ["k ■ " k W  ] “ '’i
- I
(54)
T h e r e f o r e
3 T / 6 q ^  = q ^ M  (55)
w h e re  M i s  the total  m a s s .
In a s i m i l a r  m a n n e r ,  the v ib r a t i o n  in the xy p lan e  y i e l d s
d T / ô q .  =(^^M (56)
Now to find ô T / ô q ^  for  the u^ d ir e c t io n ,
 ^ . • n •
+ u i  .  (y + u^)8^ + (z  + u^)0^j (8^)  _
 ^ (57)
à T / d q ^
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Now
à u
3
n  ■
Then ^
Ô T /ôq .  = f  -  RyO, -  “281
' h
. zl
-u 0 0 + u 0 d m
1 1 3  3 1 J k
(59)
In the p r e v io u s  s e c t i o n  it w as  s h o w n  that a l l  the t e r m s  v a n ish  e x c e p t  
two. That i s
1 y i
‘ (60) 
•  2 '  - 2= 0  ^ I u c^r, d m  + 0  / u tf, dm
2 / 3 k I /  3 k
-A X
The s u m  of th ese  two t e r m s  m u s t  be z e r o  in o r d e r  to be c o n s i s t e n t  
with the a s s u m p t i o n  that the v i b r a t i o n a l  m o t io n s  take p la ce  in n o r m a l  
m o d e s  in  two independent  p l a n e s .  In l ike  m a n n e r ,  dT/bq^ is  
a s s u m e d  to be z e r o .
F r o m  b e a m  theory ,  the p o ten t ia l  e n e r g y  V i s  the e l a s t i c  
s t r a i n  e n e r g y  due to bending and t r a n s v e r s e  s h e a r ,  that i s ,
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- A  - h
w h e re  th ese  t e r m s  a r e  d e f in ed  in the p r o p e r t i e s  of e ig en fu n ct io n s .  
The x z  plane equat ions  a r e  d e r i v e d  a s  f o l lo w s :
S  . QO
u (x ,  t )=  1  (x)  • qj^(t) 'I'(x, t ) =  Z  l '^lc(x) • qiç_(t) (62)
3 k l  k=l
Then  n
(63)
-A
A
I f  / ^ ° k  \ 2
+ 2 V KACl 6 x 9 k  - ^ k q J
-4   ^ ^
B y r e la t io n s  of  e ig e n fu n c t io n s
4  “  2  ’ k 'k=I
In a s i m i l a r  m a n n e r ,  the p o te n t ia l  e n e r g y  in the xy  plane i s
25 9 o
V = i  M Z  q: (65)xy  2 j= l  J J
F r o m  th ese
Now the g e n e r a l i z e d  f o r c e  in the xz  p lane i s
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i
/  è u -  I / & u ? \
k ' k '
(67)
“ W  W ) _ _  r / M )
^ ^ k  ' X = - i l
T h e n  .
/ 2 nI?xa(x , t )  o-^^ (x) dx + T  \ ( - \ )  (68)
In a s i m i l a r  m a n n e r ,
iz
Q = /* P  (x, t) T ( x ) d x + T u  T . ( - l )  (69)
xy # xy  J 2 J 1
N ow  su bs t i tu te  a l l  of th is  back  into the g e n e r a l  L a g r a n g ia n  equat ion.  
F o r  xz  p lane ,
h
-rm (q M) + M < ^ ^ q  -  /  P  ( x , t ) c r ( x )  dx  -h T*u o' ( - £  )
- I
dt k k k / x z  k 3 k I
(70)
Then ,  in the x y  p lan e .
M ( q . +  tu.^q ) = /  P  (x ,  t) T.(x)  dx + T u T . ( - j l  )
J J j V J J
(71)
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P r o p e r t i e s  of  E ig e n fu n c t io n s  
The p r o p e r t i e s  of the e i g e n fu n c t io n s  a r e  d e te r m in e d  in the 
s a m e  m a n n e r  a s  u s e d  in  R e f e r e n c e  11. C o n s i d e r i n g  a T im o sh en k o  
b e a m ,  l e t  6J. = c i r c u l a r  f r e q u e n c y  of  the i^^ m o d e ,  = e i g e n ­
funct ion r e p r e s e n t i n g  to ta l  d e f l e c t i o n  (due to both  bending and s h e a r )  
of the i*"^  m o d e ,  Y'-(x)= e i g e n fu n c t i o n  r e p r e s e n t i n g  the s lop e  due to 
bending a lon e  of  the i^^ m o d e .
The fo l low in g  a s s u m p t i o n s  a r e  m ad e
1. The m i s s i l e  i s  t r e a te d  a s  a f r e e - f r e e  beam  with a 
to ta l  length  o f ^ ^  '*’ '^2'
2. The e i g e n fu n c t io n s  a r e  n o r m a l i z e d  so  that
I z
{ 0 ^  + r^y'  ^ ) dm  = 0.
Then  the e i g e n fu n c t io n s  for  a f r e e - f r e e  b ea m  s a t i s f y  the fo l lowing  
m a t h e m a t i c a l  r e l a t i o n s  that a r e  n e c e s s a r y  for  th is  a n a l y s i s .
2
( 0  0 Ÿ  ) d m  =
i n  1 n
T
0 for n i 
M for  n = i
(72)
/ z  dY' ,41^  &
dx
'. dY' M 0  \
i dx )X n y dx =
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0 fo r  n 7^  i
for  n = i
. /
0. d m  = 0
(73)
Coiit.
i
/ (x0 + r^V'Ÿ ) d m  = 0
w here  i  = 1 , 2 , 3  , n = l ,  2, 3 . . . . , atid K^AG = s h e a r in g
s t i f f n e s s .
A P P E N D I X  B 
T R A N SFO R M A T IO N  OF E Q U A T IO N S  INTO 
AERO B A L L IS T IC  R E F E R E N C E  SYSTEM  
The eq u at ion s  d e r i v e d  in A p p en d ix  A a r e  e x p r e s s e d  in a b o d y -  
f ix e d  c o o r d in a te  s y s t e m .  In o r d e r  to  c o m p a r e  the angular  m o t io n  
o b ta in ed  f r o m  the eq u at ion  with f l ight  data ,  the equat ions  of m o t io n  
w i l l  be t r a n s f o r m e d  to the r e f e r e n c e  s y s t e m  u s e d  whi le gath er in g  
the f l ight  data .  T h is  r e f e r e n c e  s y s t e m  is  o f ten  c a l led  the " A e r o -  
b a l l i s t i c  R e f e r e n c e  S y s t e m " .  The a e r o b a l l i s t i c  r e f e r e n c e  s y s t e m  
i s  a s y s t e m  of a x e s  that a r e  f ixed  at  the c e n t e r  of m a s s  of  the r o c k e t  
and that p i t c h e s  and y a w s  with the body  but d o e s  not ro l l  with the 
body .  F i g u r e  4 s h o w s  the a x e s  s y s t e m  a t ta c h e d  to the body.  The  
eq u a t io n s  w i l l  be t i -an s form ed  in a m a n n e r  s u g g e s t e d  in  Ref .  12.
The equ at ion s  d e r i v e d  in A p p e n d ix  A c a n  be e x p r e s s e d  in 
m a t r i x  f o r m  a s  fo l lo w s :
M
M
»
)l
»
'x x 0 0 h
( ■  \  
0 1 ^xx 0 0
0 l y y 0 ®2 ®2 0 l y y 0 (74)
0 0 ^ Z Z 0 3
I >
0 0 ^zz
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When the in a tr ix  a lgebra  i s  c o m p l e t e d ,  th is  equat ion p r o v i d e s  
the th ree  m o m e n t  eq u at ion s  for  a body-fixed  a x i s  s y s t e m .  F o r  the 
a e r o b a l l i s t i c  s y s t e m ,  s u b s t i tu te  r for 0 to ident i fy  the d i f f e r e n t  
f o r m s  of the equat ions .  T h e n  in  the a e r o b a l l i s t i c  s y s t e m ,  r^ i s  
m a d e  z e r o  in  the m a t r ix  s i n c e  it  i s  a n o n - r o l l i n g  a x i s  s y s t e m .  R e ­
w r i t t e n  in t e r m s  of a e r o b a l l i s t i c  a x e s ,  the equat ions  b e c o m e :
A P P E N D I X  C
C A L C U L A T IO N  OF THE A P P L I E D  LOADS A N D  MOMENTS
Genei'a l
The a p p r o a c h  to the c a lcu la t io n  of the a e r o d y n a m i c  loads  and  
m o m e n t s  i s  to u s e  m e th o d s  and too ls  that a r e  in c o m m o n  u s e  am o n g  
sounding  r o c k e t  d e v e l o p e r s .  T h is  a p p ro a ch  a l l o w s  quite  a v a r i ­
a t ion  in  the d e g r e e  of  s o p h i s t i c a t io n  in the techn ique  u sed  for  the 
d i f f e r e n t  loads  and m o m e n t s .  In this p r o b le m ,  the d e g r e e  of s o ­
p h i s t i c a t io n  r a n g e s  f r o m  a v e r y  s o p h i s t i c a te d  p r o g r a m  for d e t e r m i n ­
ing the v ib r a t io n a l  inputs  to an e m p i r i c a l  m eth od  f o r  d e te r m i n i n g  the 
d i s t r ib u te d  a e r o d y n a m i c  load s .
The F u n ct ion  f
The a e r o d y n a m i c  loads  w ere  d e t e r m i n e d  by u s in g  the m e t h o d s ,  
ta b le s ,  and c h a r t s  f r o m  NASA TN D - 3 2 8 3  (Ref.  14) and the a e r o ­
d y n a m ic  inputs f r o m  the typ ica l  Nitehawk 9 t r a j e c t o r y  (Table  2).
The a e r o d y n a m i c  lo a d s  a r e  shown in F i g u r e  14. The d is tr ibuted  
a e r o d y n a m i c  loads  a r e  then used  a s  an input into  the AEROMOD which  
d e t e r m i n e d  the body s ta t i c  d e f l e c t io n ,  the s ta t i c  m a r g i n  of the 
v e h ic l e  and the a e r o d y n a m i c  m o m e n t .  T h e s e  r e s u l t s  and the thrust
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T i m e
( s e c ,  ) ( ib)
0 10, 350
. 5 8,  700
. 9 4 970
1 . 0 0
1 .5 -
2 .  0 -
3 . 5 -
4 .  0 -
5.  G -
6.  0 -
7.  0
u
, 0 .  04 
. 038  
.. 033
Tu
331
32
U-
0.  0017 
. 0017 
. 0017
i .E  2
K
V a l u e s  for F u n c t i o n  f^(t)
A erom on .
(in) ( in - lb ) ( in - lb ) ( in - lb ) ( in - l b )
98 1 ,7 2 0 -1310 - 2 6 , 9 4 0 - 2 8 , 2 5 0
98 1 ,450 -1120 - 2 4 , 7 5 0 - 2 5 , 8 7 0
98 115 -  80 - 2 2 , 2 6 0 - 2 2 , 3 4 0
- - - -21,  890 -21,  890
- - - -18 ,  050 -18,  050
- - - -14,  970 - 1 4 , 9 7 0
- - - -10,  070 -10,  070
- - - -  6 , 9 0 0 -  6,  900
- - - — 4 , 6 0 0 -  4 , 6 0 0
- - - -  3, 100 -  3 ,100
- - - -  2 ,1 0 0 -  2 ,  100
u>
z  6
505 LBS
200100  
STATION JN
■fin lead
Figure 14 
The Aerodynamic Load
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f o r c e  a r e  c o m b i n e d  to d e t e r m i n e  f  ^ w hich  is  s h o w n  in F i g u r e  9.
T ab le  2 s h o w s  the n u m b e r s  u s ed  to d e t e r m i n e  f^(t).
The A e r o d y n a m i c  D am pin g  M o m en t  
D a v i s ,  F o l l i n ,  and B l i t z e r  (Ref .  16) d e f in ed  the a e r o d y n a m ic  
d a m p in g  m o m e n t  a s
P Vw = -  ~  \  w (76)
w h e re
^ m  “ the d a m p in g  c o e f f i c i e n t ,  q = d y n a m ic  p r e s s u r e ,
^  = r e f e r e n c e  len g th ,  A  = r e f e r e n c e  a r e a ,  w = p i t ch  (or yaw)
ra te  ( f^  o r  r^)
F r o m  the w o r k  of C u r r y  and U s e l t o n  (Ref .  12), the
G = 600 rad   ^ f o r  the N i teh aw k  9 u pper  s tage  a t  M ach  8.  The
q
v a lu e s  c a l c u la t e d  for  the a e r o d y n a m i c  d am ping  m o m e n t  a r e  
T i m e ,  s e c .  , f t - l b .
0 . 0  892
0 . 5  780
1. 0 665
2 . 0  456
3 . 0  298
4 . 0  210
5 . 0  140
6 . 0  96
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The a e r o d y n a m i c  dam ping  m o m e n t  is co m b in e d  with the je t  
dam ping  m o m e n t  to form  the function ( s e e  F i g u r e  11 , )  
The r o l l  ra te  i s  taken f r o m  Ref .  13,
The Jet  Damping M o m e n t  
F r o m  F D L " T D R “ 64=1 (Pt.  1, V .  1) (Ref.  17), the j e t  d a m p in g  
force  i s  d e f ined  a s
J = - 2  w m X
w h e r e  w = p itch ing  f r e q u e n c y  ( f^  or  r^),  m  = m a s s  f low ra te ,
X = d i s t a n c e  f r o m  c e n te r  of  m a s s  to the p a r t i c l e  of  m a s s .  T he  
P
fo l low in g  m o m e n t  was  c a lcu la ted  for the j e t  d a m p in g  f o r c e .
T i m e ,  s e c .  J _  in « lbU z
0 89 w
0, 5 73w
0 . 9 4  Ou
The j e t  d am p in g  m o m e n t  i s  combined  with the a e r o d y n a m i c  m o m e n t  
to f o r m  the funct ion f  ^ ( s e e  F i g u r e  10).
M om en t  Due to Bent  Pay load
F r o m  R e is  and Sandberg  (Ref.  2), the d e f l e c t io n  of the c e n t e r  
of m a s s  of  the payload f r o m  the s y m é t r i e  c e n te r  l ine  w as  found to 
be 0. 143 in c h e s .  This p ro d u ces  a f o r c e  of
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F  = m r  = 35. 5 Ib.
The d i s t a n c e  f r o m  the c e n t e r  of m a s s  of  the s y s t e m  to the cen ter  
of m a s s  of the pay load  i s  5. 5 ft. The r e s u l t i n g  m o m e n t  about the 
c e n te r  o f  m a s s  of  the s y s t e m  i s
= 5.  5 X 35.  5 = 195 f t - lb .13
V ib r a t io n a l  Moment
T he  a n g u la r  d i s p l a c e m e n t  due to v ib ra t io n a l  m o t i o n  was  
d e te r m in e d  by u s in g  the Sandia SHOCK Code which  i s  d e s c r i b e d  
b r ie f ly  in  A pp en d ix  E .  The a s s u m p t io n  was  m ad e  that the v i ­
b r a t io n a l  m ot ion  was  in duced  by the burnout of the p r o p e l la n t  in the  
ro c k e t  m o t o r .
The code w as  u s e d  to d e te r m in e  two c a s e s  of v ibrat ion .
In the f i r s t  c a s e ,  the v e h i c l e  i s  c o n s id e r e d  a s  a cont inuous  b eam  
with m a s s  and m o m e n t  of  in er t ia  vary ing  a lo n g  it s  le ngth .  In the 
seco n d  c a s e ,  the v e h i c l e  i s  a s s u m e d  to have  a l o o s e  j o in t  at  the 
payload a t ta c h m e n t  point.  This  lo o s e  jo in t  could have  b een  c a u s e d  
by poor w o r k m a n s h ip ,  fa i lu r e  to t ighten  the jo in t ,  or d i f f e r e n t ia l  
heat ing  o f  p arts  c a u s e d  by a e r o d y n a m ic  heat in g .
In the f i r s t  c a s e ,  the v ibrat ional  m o t io n  was s h o w n  to be 
near s in u s o i d a l  with  a c o n s ta n t  o f f s e t  or  b a s i s  ( s e e  F i g .  15). The  
f r e q u e n c y  was sh ow n to be a p p r o x im a te ly  30 cp s  or 188 r a d / s e c .
X
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h-'z
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O
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TIME, SEC x10'
F i g u r e  15 E l a s t i c  V ib r a t io n
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The v ib r a t i o n a l  m o t io n  i s  for this  c a s e  equa l  to (O. 0015 •*' 0. 0015 s i n  
188t) rad.  Witte (Ref .  18) showed  that the e x p e r i m e n t a l  natura l  
f r e q u e n c y  of  this v e h i c l e  was 32 c p s .
W itte  fu rther  showed  that the na tu ra l  f r e q u e n c y  of  the v e h ic l e  
cou ld  be d r a s t i c a l l y  chan ged  by l o o s e n i n g  the s e p a r a t io n  jo in t  of  the 
p ay load .  Witte was  a b le  to change the- f r e q u e n c y  at  w i l l  o v e r  the 
ran ge  of  2 c p s  to 32 c p s .  R e i s  and S u ndberg  (Ref.  2)  sh ow ed  that  
the s e p a r a t i o n  jo in t  c o u ld  be made  l o o s e  by d i f f e r e n t i a l  h ea t in g  of  
the jo in t .  The l o o s e  jo in t  was sh ow n to have  a ro ta t ion  of  10”  ^
r a d s / i n - l b .  U s i n g  th is  rotation,  the code  gave  a v ib r a t io n a l  m o t io n  
of  (0 .0015  +" 0 . 0 0 5  S in  cot) w here  -  Z l  r a d / s e c .  ( s e e  F i g .  16).
T h is  f r e q u e n c y  c o i n c id e d  with the s t e a d y - s t a t e  r o l l  r a t e .
An A r b i t r a r y  M o m e n t  
S ton e  ( R e f e r e n c e s  4 and 5) showed m a t h e m a t i c a l l y  the p o s s ­
ib i l i t y  of a h igh ly  non l in ear  ma gnus m o m e n t  a s  the cu lp r i t  in  the 
e x t r a - a t m o s p h e r e i c  coning  m ot ion .  C u r r y  and U s e l t o n  (Ref .  13) 
p r e d ic t e d  a m o m e n t  c a u s e d  by a s y m m e t r i c  l e e - s i d e  v o r t i c i t y .  A t  
p r e s e n t ,  th ere  a r e  no  c o e f f i c i e n t s  a v a i l a b l e  to e s t i m a t e  the v a lu e s  
of  th e s e  m o m e n t s .  H o w e v e r ,  s i n c e  they  have  gone unnot iced  for  
m a n y  y e a r s ,  i t  should  be safe  to a s s u m e  that they  a r e  s m a l l .  F o r  
this  p r o b l e m ,  th e s e  m o m e n t s  w i l l  be r e p r e s e n t e d  by an a r b i t r a r y  
m o m e n t  of  the s a m e  m agnitude  a s  the m o m e n t  c a u s e d  by the bent  
p ayload  (200  f t - lb ) .
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A P P E N D IX  D 
THE A ER O ELA STIC  PROGRAM  
A e r o e l a s t i c i t y  i s  the s tudy  of the e f f e c t  of a e r o d y n a m i c  
f o r c e s  on e l a s t i c  b o d ie s  (Ref.  19). In m o s t  s t r u c t u r a l  p r o b l e m s ,  
i t  is  u s u a l ly  a s s u m e d  that the d e fo r m a t io n  i s  s m a l l  and d o e s  not  
s u b s t a n t ia l l y  a f f e c t  the a c t io n  of  e x te r n a l  f o r c e s .  E v e n  in p r o ­
b l e m s  of bending and buckling  of  co lu m n s  or  p la te s  and s h e l l s ,  
e i t h e r  the e x t e r n a l  load ing  or the boundary c o n d i t io n s  a r e  a s s u m e d  
to be known. In a e r o e l a s t i c  p r o b l e m s ,  th is  s i t u a t io n  i s  d i f f ere n t .  
The a e r o d y n a m i c  f o r c e s  depend e n t ir e ly  on the at t itude  of  the body  
r e l a t i v e  to the f low .  The m agnitude of the a e r o d y n a m i c  load is  not  
known unti l  the e l a s t i c  d e fo r m a t io n  is  known. The a e r o d y n a m i c  
load i s  an  unknown unti l  the p r o b le m  is s o lv e d .
The c o m p u ter  p r o g r a m  which  was  u s e d  to e v a l u a t e  the 
a e r o e l a s t i c  p r o p e r t i e s  for  the app l ica t ion  p r o b le m  i s  ca l l e d  
A ERO M O D . It was w r i t ten  by John C. W eydert ,  D i v i s i o n  9224 ,  
Sandia  L a b o r a t o r i e s ,  A lb u qu erqu e ,  New M e x i c o ,  an d  it i s  a s tandard  
too l  u s e d  in sounding ro c k e t  d e v e l o p m e n t  a t  Sandia.
To u s e  th is  p r o g r a m ,  the fo l lowing  input p a r a m e t e r s  m u s t  be
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s p e c i f i e d :
Stat ion
W t / i n c h
S t i f f n e s s
L o a d / i n c h
R ota t ion
T h r u s t
Length fro m  z e r o  
D is tr ib u ted  S tru ctura l  Weight  
EI/IO^
D is tr ibu ted  A i r  Loads  
W eak or L o o s e  Joint R ota t ion  
M otor  Th ru st
R o l l  Rate  R ig id -B o d y  R o l l  Rate
D r a g  D r a g  F o r c e
D y n a m i c  P r e s s u r e  D y n a m ic  P r e s s u r e  
A n g le  or  A t ta ck  R ig id -B o d y  A ng le  of  a t ta c k  
The p r o g r a m  w i l l  pr int  out the fo l lowing  in fo r m a t io n :
Stat ion ,  A x i a l  L oad ,  L a t e r a l  A c c e l e r a t i o n ,  S h e a r ,  Bending  M om ent ,  
D e l ta  The ta .  D e f l e c t i o n  -  Tangent ,  D e f le c t io n ,  R o l l  A x i s ,  L o c a l  
A n g l e  A i r  F l o w ,  Weight ,  Total  A i r  Load, S tat ic  M arg in ,  Bend  
M o m e n t  at  CG,  D y n a m ic  P r e s s u r e ,  Angle  of A t ta c k ,  Roll ,  Torque ,  
A e r o m o d .
T h e r e  w i l l  be a tabulat ion of th ese  p a r a m e t e r s  for the fo l lowing  
c o n d i t io n s :  T r i m  Condit ions;  E l a s t i c  C o n d i t io n s - C o n v e r g e d  Shape;
R ig id  Body  R e s u l t s ;  E l a s t i c  C o n d i t io n s -C o n v e r g e d  Shape; and Rol l  
C ondit ion s  “C o n v e r g e d  Shape.
' E Q U I P » 7 2 = ( 3 6 - 0 0 0 0 3 ) > H I » R 0  
‘ E Q U I P * 1 6 = ( 3 6 - 0 0 5 3 1 ) , HI
‘ c o m m e n t » S C - 4 0 2 0  TAG FOR LOG.  UNIT 1 6 — WEYDERT BX 6 6 2 , 6 - B I - H C - C O - S A  
« FTN*X»L
PROGRAM AEROMOD
DIMENSION A X L O ( 2 0 0 ) , B E T A ( 2 0 0 ) , G A M M A ( 2 0 0 ) > T B M ( 2 0 0 ) , H ( 1 0 1 )
DIMENSION 1 7 ( 2 0 0 )  , E I ( 2 0 0 )  , R G K ( 2 0 0 )  ,ROT ( 2 0 0  ) »XP ( 2 0 0 )  ,
1 P R ( 2 0 Q ) » A M G ( 2 0 0 ) , P ( 2 0 0 ) » P S U M ( 2 0 0 ) ,
2 G ( 2 0 0 ) , Q ( 2 0 0 ) , S E N D M O ( 2 0 0 ) » S K E A R ( 2 G 0 ) » A N G S U M ( 2 0 0 ) , R G K S U M ( 2 0 0 )
DIMENSION D E L T H T ( 2 0 0 )  , Q S U M ( 2 0 0 )  , V S U M ( 2 0 0 )  , BEI  ( 2 0 0 )  »BEI SUi M( 200)
DIMENSION D E L T H ( 2 0 0 ) , P H I ( 2 0 0 ) » A N G 0 L D ( 2 0 0 )
DIMENSION X L A B K 3 ) > X L A B 2 ( 3 ) , X L A B 3 ( 3 ) , Y L A B ( 3 )
DIMENSION P T K 4 )  , P T 2 ( 4 )  , X L A B 4 ( 3 )
DIMENSION T I T L E ( I O )
COMMON X ( 2 0 0 ) , X D I F F ( 2 0 0 ) » X S U M ( 2 0 0 ) , Y B A R ( 2 0 0 ) » W S U M ( 2 0 0 ) , Y ( 2 0 0 ) » 
1 D Y C G , C G , MA X , P H I A X , P R 0 D  
TYPE REAL I O , I R , I C G  S
TYPE INTEGER FLAG»TESTNO 
DATA(XLAB1=8HAXIAL LO, SHADI NG »1H )»
1( XLAB2=8HBENDING ,8HM0MENT »1H )»
2 ( X L A 3 3 = 8 H Y  D E F L E C » 8 H T I 0 N S  , 1 H  ) ,
3 ( Y L A B = 8 H S T A T I 0 N  >8 H P 0 S I T I O N >I H )
DATA(XLAB4=8HY DE F LEC » SHTIONS FR»8H0M ROLL )
D A TA( P T1 = 8 H C O ND I T »8HI ONS -  ♦8HC0NVERGE, 8HD S H A P E ) ,
1 ( P T 2 = 8 H T A I L  I S  , 8 H S T A T I 0 N  , 8 H  ZERO , 1 H  )
LABXX = I H *
THZ = 0 .
THX = 0 .
FX = 0 .
GUST = 0 .
WIND = 0 .
ROLMOM = 0 ,
PHIAX = 0 .
g l a t  = 0 .
KBINCT=0  
RCON = 5 7 . 2 9 5 7 8
M=1 S FLAG=0 
C READ IN STRUCTURE DATA
READ 5 9 2 , T I T L E  
5 9 2  FORMAT( 10A8)
PRI NT 6 9 6 , T I T L E  
6 9 6  F O R M A T ( 1 H 1 » / / / / » 1 H 0 , 2 0 X , 1 0 A 8 )
READ 5 8 0 , E P S » G A M M A F , D E L T A , L I M I T 1 , L I M I T 2  
READ 5 9 0 , THRUST, THOFF, THMI S , DRAG, OMEGA, GUS TO, DYNP 
PROGRAM CONTROL DATA PRI NT 
PRINT 6 2 1 9 , E P S , GAMMAF, D E L T A , L I M I T 1 , L I M I T 2  
6 2 1 9  FORMAT(1HO,4X,*PROGRAM CONTROL D A T A * / /
11HO,4X, -«-NOSE DEFLECTION CONVERGENCE FACT0R*6X , F 1 0 . 4 /
2 1 H G , 4 X , * A F T  F I N  MISALIGNMENT,  DEGREES* 1 1 X , F 1 0 . 4 /
3 1 H 0 , 4 X , * T 0 R Q U E  CONVERGENCE,  INCH P O U N D S ^ f 9 X , F 1 0 . 4 /
4 1 H 0 , 4 X , * D E F L E C T I 0 N  I TERATION L I M I T * 1 4 X , 1 5 /
5 1 H O , 4 X , * T O R Q U E  I TERATION L I M I T * 1 8 X , 15 )
5 8 0  FORMAT ( 2 F l O • 3 , F 1 0 * 0 , 2 1 5 )  “
5 9 0  FORMAT( 7 F 1 0 . 0 )
JUMP=0
5 0 1  F O R M A T ( I 2 , F 7 o 0 , 6 F 1 0 . 0 )
READ 5 0 1 , K O M P N U M , X ( 1 ) , W ( 1 ) , E I ( 1 ) , R O T ( 1 ) , RGX( 1 ) , BE TAC1 ) ,GAMMA( 1 )
3 3  M=M-5"1
READ 5 0 l , K O M P , X ( M ) , W ( M ) , E I ( M ) , R O T ( M ) , R G K ( M ) , B E T A ( M ) , G A M M A ( M )
I F ( K 0 M P . 6 T . 9 8 ) G 0  TO 1
I F ( KOMP. EQ. KOMPNUM) GO TO 2
S T A = X ( M - 1 )
B A S I S = B E T A ( M - 1 )
FLAG=1
kompnum=komp
4  X ( M ) = X ( M ) + S T A
BETA ( M ) =BAS I S-fBETA ( M )
GO TO 3 3  
2 I F ( F L A 6 . L T . 1 ) G 0  TO 3 3
GO TO 4  
1 MAX=M-I  £  J = 1  
C READ IN DYNAMIC LOAD DATA
6 READ 5 0 l , M , X P ( J ) » P R ( J )
I F ( M » 6 T . 9 8 )  GO TO 5
J = J + 1
GO TO 6
9 P ( J ) = { ( X ( J ) - X P ( I - l ) ) / { X P { I ) - X P ( I - D ) ) * ( P R ( I ) - P R { I “ l ) ) + P R ( I - l )
LWR=I 
GO TO 8 
5 M A X L I S T = J - 1
DO 9 1 7 0  I = 1,MAX 
9 1 7 0  R O T ( I )  = R O T ( I ) * l . E - 9  
A N G ( l )  = 0 .
DO 1 0  I = 2»MAX 
D E L T H T C I ) = 0  
Y ( I  ) = 0
10 A N G ( I )  = A N G ( I - l )  +  B E T A ( I )  -i- GAMMA ( I )
ATTACK = GAMMAF -  2 . *ANG( MAX)
A N G ( l )  = ATTACK g
DO 11  I  = 2 » MAX
A N G ( I )  = A N G ( I )  +  ATTACK
11  ANGSUM(I )  = A N G ( I )  +  A N G ( I - l )  
c  i n t e r p o l a t e  f o r  s t a t i o n  l o a d s
LWR=2
DO 8 J=1»MAX
DO 8 I=LWR»MAXLIST
I F ( X ( J ) . G E . X P ( I - l ) . A N D . X ( J ) * L E . X P ( I ) )  GO TO 9 
8 CONTINUE
I F ( X ( M A X ) o G T . X P ( M A X L I S T ) ) P R I N T  6 0 1
6 0 1  FORMATCIHO, *----------------------* 2 X , * A l R  LOADS NOT DEFINED FOR*
1 *  ENTI RE VE HI CL E * )
PRI NT 6 6 8  
PRI NT 6 6 7 , PT2
PRI NT 6 6 2 , ( X ( I ) , W ( I ) , P ( I ) , E I ( I ) , R O T ( I ) ,
1 R G K ( I ) , B E T A ( I ) , GAMMA( I } » 1 = 1 , MAX)
P R I N T  6 9 0 ♦THRUST, THMI S, THOFF, OMEGA, DRAG 
K0NTRL=1
C CALCULATE F I R S T  +  SECOND MOMENTS, WEIGHT, C P , C G
DO 2 9 5  1 = 1 , MAX 
2 9 5  A N G O L D ( I J = A N G ( I )
DO 2 0 0  1 = 2 , MAX
R G K S U M ( I ) = R G K ( I ) + R G K ( I - l )
XSUM( I ) = X ( D + X (  I - l )
X D I F F ( I ) = X ( I ) - X ( I - l )
2 0 0  W S U M ( I ) = W ( I ) + W ( I - 1 )
3 0 9 5  CONTINUE
WT=0
WM1=0
I R = 0
10= 0
DO 2 0 1  1 = 2 , MAX
WT=WT+WSUM( I ) * X D I F F ( I )  * . 5
I 0 = I 0 + W S U M ( I ) * X D I F F ( I ) * X S U M ( I ) * * 2  * 0 . 1 2 5
2 0 1  I R = I R + R G K S U M ( I ) * W S U M ( I ) * X D I F F ( I ) * . 2 5 * l . / A 6 2 6 . 7
DO 7 0 2  I = 2 , MAX “
DO 7 0 1  K = 1 , 1 1  
FK = K
H ( K)  = ( ( F K  -  1 « )  *  ( W ( I )  -  W ( I - l ) )  /  1 0 .  +  W ( I - l ) )  *  ( X ( I - l )
1+  ( FK -  1 . )  *  ( X ( I )  -  X ( I - D )  /  1 0 . )
7 0 1  CONTINUE
CALL SIMPSON ( X ( I - l ) ,  X ( I ) ,  1 1 ,  H ,  DELXW)
7 0 2  WMl = VJMl + DELXW 
CG=WMl/WT
I C G = ( I 0 - W T * C G * * 2 ) Z 4 6 2 6 . 7  
JUMBO = 1 
3 0 9  TESTNO=0 
3 0 4  CONTINUE 
XAIRLD=0 
AI RLOD=0 
DO 2 0 1 0  1 = 2 , MAX 
PSUM( I ) = P (  I ) - i - P ( I - l )
ANGSUM( I ) =ANG( I ) + A N G ( I - l )
A I R L O D = A I R L O D + P S U M ( I ) * A N G S U M ( I ) * X D I F F ( I ) * 0 . 2 5  
ZOl O X A I R L D = X A I R C D + P S U M ( I J * A N G S U M ( I ) * X D I F F ( I ) * X S U M ( I ) * . 1 2 5
2 0 2 9
2 0 2 8
11212
2000
2 0 0 1
202
C
C
203
2 0 8
XAIRLD AND AÏRLOD MAY BE ZERO I F  TRIM L I M I T = 0  
I F ( X A I R L D . L T . 0 . 0 0 0 0 0 0 0 1 . A N D . A I R L O D . L T . 0 . 0 0 0 0 0 0 0 1 ) 6 0  TO 2 0 2 9  
CP = XAI RLD/ AI RLOD 
GO TO 2 0 2 8  
C P = 0
c o n t i n u e
I F ( K 0 N T R L . L T . 2 )  GO TO 1 1 2 1 2  
I F ( C P . G E . C G ) G O  TO 9 0 1  
CONTINUE
TORQUE=( C G - C P ) *AIRLOD 
AERMOM=TORQUE+THX*DISP-THZ*CG 
TORK = TORQUE 
I F ( J U M P . E Q . 1 ) TORQuE=AERMOM 
AB0=RC0N->AERM0M/(  1 2 . * G U S T * I C G )
I F ( K O N T R L . E Q . l ) A B O = O o  
I F ( A B O . L T . O * ) A B O = . 0 0 0 0 0 0 0 1  
F R E Q = 1 . 0 / ( 2 o * 3 o 1 4 1 5 9 2 ) * S QR T( A BO )
A N G A C C = A E RM0 M/ (1 2 . * I CG )
STMARG=( C G - C P ) * 1 0 0 . / X ( MA X )
DO 2 0 2  1 = 1 , MAX
GO TO ( 2 0 0 0 , 2 0 0 1 , 2 0 0 1 ) ,KONTRL 
G ( I )  = A I RLOD/WT 
GO TO 2 0 2
G ( I )  = ( A I R L 0 D - T H Z ) / W T  -  ( X ( I ) - C G ) * A N G A C C / 3 8 5 . 5 6  
1 - Y ( I ) * 0 M E G A * * 2 / 9 . 7 6 6  
Q { I ) = G{ I ) * W( I )
c a l c u l a t e  s h e a r , b e n d m o , 
c a l c u l a t e  r o ll  moment
SHEAR(MAX) = 0 .
VSUM( MAX) = 0 «
BENDMO( MAX) =  0 .
DO 2 0 3  1 = 2 , MAX 
Q S U M ( I ) = Q ( I ) + Q ( I - 1 )
CONTINUE 
DO 2 0 8  1 = 2 , MAX
SHEAR( - I +MAX+ 1 ) =SHEAR( - I +MA X+ 2 ) + ( PSUM( - I + MA X+ 2 ) *ANGSUM( - I +MAX+ 2 )
C»
-s i
1 * . 2 5 - QS U M { - I + M A X + 2 ) * . 5 ) * X D I F F ( - I + M A X + 2 )
S H E A R ( l )  = 2 0 , 0  *  THZ 
TBM(MAX) = 0 
DO 1 0 0 0  1 = 2 , MAX 
1 0 0 0  T B M( MAX + 1 - I )  = TB M( MAX+2- I )
1+  ( W S U M ( M A X + 2 - I ) * 0 . 5 * F X / W T  + DRAG/X(MAX))
2 *  X D I F F ( M A X + 2 - I ) * ( Y ( M A X + 2 - I ) - Y ( M A X + l - I ) ) * 0 . 5  
3 +  A X L O ( M A X + 2 - I ) * ( Y ( M A X + 2 - I ) - Y ( M A X + l - I ) )
DO 2 0 4  1 = 2 , MAX
V S U M ( - I + M A X + l ) = S H E A R ( - I + M A X + 2 ) + S H E A R ( - I + M A X + l )
BENDMO( - I + M A X + 1 ) = B E N D M 0 ( - I + M A X + 2 > + V S U M ( - I + M A X + l )  
l * . 5 * X D I F F ( - I + M A X + 2 )  + ( T B M ( - I + M A X + 1 ) - T B M ( - I + M A X + 2 ) )
2 0 4  CONTINUE
DO 3 3 5  I = I ,MAX
3 3 5  BEI  ( I )  = BENDMO(I )  /  E l ( I )
DO 3 3 6  I = 2 , MAX „
3 3 6  B E I S U M ( I )  = BEI  ( I )  +  B E I ( I - l )  oo 
D E L T H T ( l )  = 0
DO 2 0 5  1 = 2 , MAX
D E L T H T ( I )  = D E L T H T ( I - l )  +  B E I S U M ( I )  *  X D I F F ( I )  *  0 . 5 0  
1-^ l o E - 6  *  RCON + BENDMO(I )  *  R O T ( I )  *  RCON
2 0 5  CONTINUE
DO 2 0 6  1 = 1 , MAX
2 0 6  D E L T H T ( I ) = D E L T H T ( M A X ) - D E L T H T ( I )
SAVE = ANG(MAX)
DO 3 0 0  1 = 1 , MAX 
3 0 0  A N G ( I ) = A N G 0 L D ( I ) - D E L T H T ( I )
C CALCULATE DEFLECTIONS FROM CG
J = 2
2 1 1  I F ( X ( J ) . G T . C G ) G O  TO 2 2 0  
KE E P = J  
J=>J+1 
GO TO 2 1 1
2 2 0  D E L T C G = ( ( C G - X ( J - 1 ) ) / ( X ( J ) - X ( J - 1 ) ) ) * ( DELTHT( J ) - D E L T H T t J - 1 ) )
1 + D E L T H T ( J - 1 )
A N 6 C G = ( ( C G - X ( J - l ) ) / ( X ( J ) - X ( J - l ) ) ) * ( A N G ( J ) - A N G ( J - l ) )
1 + A N G ( J - 1 )
EI CG = { { C G - X ( J - 1 ) ) / ( X ( J ) - X ( J - 1 ) ) ) * ( E I ( J ) - E I ( J - 1 ) ) + E K J - 1 )
BENDCG=( ( C G - X ( ) ) / ( X ( J ) “ X ( J “ l ) ) ) * ( BENDMO{J ) - B E N D M O ( J - 1 ) )
1 + b e n d m o ( J - 1 )
VECTOR=WIND-ANGCG 
i FdCONTRL . E Q .  1 )  GO TO 83 
DO 3 0 0 3  I=1»MAX 
3 0 0 3  A N G ( I )  = A N G ( I )  + VECTOR -  PHIAX 
83  CONTINUE
DO 2 1 0  1 = 1 , MAX 
N=0
I F ( X ( I ) . G T . C G ) N = 1  
2 1 0  P H I ( I ) = ( D E L T H T ( I )  -  B E T A d )  -  D E L T C G ) * ( - 1 ) * * N  
KEP=KEEP+1 
KE P1 = KEP+ 1
C------ — FOR STATI ONS FORWARD OF CG
T = l . E - 6 % B E I ( K E P ) * ( X ( K E P ) - C G ) * * 2 * . 3 3 3 3 3 3  o
1+  1 .E-6-X-BENDCG/E I CG* ( X ( KEP ) - C G  ) * * 2 * .  1 6 6 6 6 7  
YBAR(KEP)  = T 
DO 3 2 4  I=KEP1»MAX 
DIN = P H I ( I - 1 ) / R C 0 N * X D I F F ( I )
T = l . E - 6 * B E I S U M ( I ) * X D I F F ( I ) * * 2 * . 1 6 6 6 6 7  
1+  l . E - 6 * B E I ( I ) * X D I F F ( I ) * * 2 * . 1 6 6 6 6 7  
3 2 4  Y B A R ( I )  = Y B A R ( I - l )  +  DIN + T
C---------- FOR STATI ONS AFT OF CG
T = l . E - 6 * B E I ( K E E P ) * ( C G - X ( K E E P ) ) * * 2 * . 3 3 3 3 3 3  
1 +  1 . E - 6 * B E N D C G / E I C G * ( C G - X ( K E E P ) ) * * 2 * . 1 6 6 6 6 7  
YBAR(KEEP)  = T 
DO 3 2 4 1  1 = 2 , KEEP 
J  = KEP -  I
DIN = P H I ( J + 1 ) / R C 0 N * X D I F F ( J + 1 )
T = 1 . E - 6 * B E I S U M ( J + 1 ) * X D I F F ( J + 1 ) * * 2 * . 1 6 6 6 6 7  
1+  l . E - 6 * B E I ( J ) * X D I F F ( J + l ) * * 2 * . 1 6 6 6 6 7  
3 2 4 1  Y B A R ( J )  = Y B A R ( J + 1 )  +  DI N +T
I F ( K 0 N T R L . E Q . 2 . A N D . T E S T n0 . E Q . G ) G 0  t o  3 0 6  
5 0 0 2  CONTINUE
T E S T N0 = T E S T N0 + 1
I F ( A B S ( A N G ( M A X ) - S A V E ) . L E . A B S ( A N G ( M A X ) * E P S ) ) G 0  TO 2 5 0
3 0 2  I F ( T E S T N 0 . G T . L I M I T 1 ) G 0  TO 2 6 0  
3 0 4 0  I F ( J U M P . E Q . 1 ) G 0  TO 3 1 0
GO TO 3 0 4
2 5 0  GO TO { 3 1 4 » 3 0 6 » 3 0 6 > > K 0 N T R L
2 6 0  GO TO ( 3 0 3 » 2 6 1 » 2 6 1 ) » K O N T R L
3 0 3  PRI NT 6 1 8 , ATTACK,TORQUE,TESTNO,LABXX
PRI NT 6 2 1
CALL EXI T
2 6 1  PR I NT 6 1 8 , D E L T H T ( 1 ) , D Y C G , T E S T N O  
CALL EXI T
3 0 6 0  FLAG = 1 
GO TO 3 0 6
3 1 4  I F ( A B S ( T O R Q U E ) . L E . D E L T A ) G O  TO 3 0 6 0  
KBINCT = KBINCT + 1
I F ( K B I N C T * G T . L I M I T 2 ) G 0  t o  3 0 3  o
I F ( J U M B 0 . G T . 1 ) G 0  TO 4 0 2
4 0 0  CHANGE = 0 . 1 0
4 0 1  a t t a c k  = a t t a c k  + c h a n g e  
DO 3 0 8  1 = 1 , MAX
ANGOLD( I )  = AN GOLD( I )  +  CHANGE 
3 0 8  A N G ( I )  = A N G ( I )  +  CHANGE 
STORQUE = TORQUE 
JUMBO = JUMBO + 1 
GO TO 3 0 9
4 0 2  RATE = (STORQUE -  TORQUE) /CHANGE 
CHANGE = TORQUE/RATE
ATTACK = ATTACK + CHANGE 
DO 3 9 9  1 = 1 , MAX
ANGOLD( I )  = ANGOLD( I )  +  CHANGE 
3 9 9  A N G ( I )  = A N G ( I )  -f- CHANGE 
JUMBO = 1 
GO TO 3 0 9
C 3 0 9  I NDI CATES NEW RUN ( TESTNO=0  AGAIN)
3 0 7  p r i n t  6 1 7
3 0 6  CONTINUE
C OUTPUT REGULAR RESULTS
P R I N T  6 9 2
6 9 2  F O R M A T ( I H l , / / / / / / / / / / )
GO T 0 ( 3 2 2 0 , 3 2 2 1 , 3 2 2 2 ) sKONTRL
3 2 2 0  PRI NT 6 6 4 , P T l  
GO TO 3 2 2 3
3 2 2 1  PRI NT 6 6 5 , P T l  
GO TO 3 2 2 3
3 2 2 2  P R I N T  6 6 6 > P T l
3 2 2 3  CONTINUE 
I F ( K O N T R L . E Q * 2 * A N D . T E S T N O . E Q . O ) G O  t o  5 0 0 1
5 0 0 3  CONTINUE
PRI NT 6 6 1 , W T , C G , A I R L 0 D , C P , S T M A R G , I C G , F R E Q ,
IROLMOM, BENDC6, DELTHT( 1 ) , DYNP, THRUST, GUSTO, DRAG, OMEGA,
2 T 0 R K , A E R M O M , T B M ( l ) , THX, T H Z , F X , DY CG, P H I A X , PROD ^
PRI NT 6 6 9  
PRI NT 6 6 7 , PT2
PRI NT 6 6 3 , ( X ( I ) , A X L 0 ( I ) , G ( I ) , S H E A R ( I ) »BENDMO{ I ) ,
I D E L T H T ( I ) , Y B A R ( I ) , Y ( I ) , A N G ( I ) , 1 = 1 , MAX)
I F ( K O N T R L . E Q . 2 . A N D . T E S T N O . E Q . O ) G O  t o  5 0 0 2  
I F ( K 0 N T R L . E 0 . 1 ) G 0  TO 5 0 0 4  
5 0 0 5  CONTINUE
I F ( J U M P . E Q . 1 ) G 0  TO 1 1 1 2 5  
GUST=GUSTO 
I F ( F L A G ) 3 1 0 , 3 1 0 , 3 1 1  
5 0 0 1  P R I N T  6 7 0
6 7 0  FORMAT ( 1 H 0 , 5 0 X , « - R I G I D  BODY RESULTS*)
GO TO 5 0 0 3
5 0 0 4  PRI NT 6 9 3 , ATTACK
6 9 3  F O R M A T ! 1 H 0 , 2 5 X , * T R I M  ANGLE = * , F 1 2 . 8 )
GO TO 5 0 0 5
3 1 1  DO 3 1 2  1 = 1 , MAX 
ANGOLD( I ) = ANG( I ) + 6UST
3 1 2  A N G ( I ) = A N G ( I ) + G U S T  
SAVE = ANG(MAX)
WIND=ATTACK+GUST-DELTCG
F l a g  = o
K0NTRL=2 
GO TO 3 0 9  
3 1 0  CONTINUE 
V/M2 = 0
DO 3 2 5  I = 2 , MAX 
3 2 5  WM2 = WM2 + WSUM(I )  *  X D l F F d )  *  ( Y B A R ( I )  + 
l Y B A R ( I - l ) ) / 4 .
DYCG = WM2/WT 
CALL ROLLAX 
3 2 0  CONTINUE
PHIAX=PHIAX*RC0N
JUMP=1
P H I T R = D E L T H T ( D + B E T A ( 1 ) +THMI S+PHI AX- DELTCG 
T H X = T H R U 5 T * C 0 S ( P H I T R / R C 0 N )
T H Z = T H R U S T * S I N F ( P H I T R / R C 0 N )  ^
FX=THX-DRAG 
A X L O ( l )  = THX 
DO 3 3 0  I = 2 , MAX 
3 3 0  A X L O ( I ) = A X L 0 ( I - 1 ) - ( D R A G / X ( M A X ) ) * X D I F F ( I )
1 - ( F X / W T ) * W S U M ( I ) * X D I F F ( I ) *  0 . 5  
D I S P = T K 0 F F + Y ( 1 )
K0NTRL=3 
GO TO 3 0 4  
1 1 1 2 5  CONTINUE
CALL ENTFLM C
CALL KWKPLT(X,BENDMO,MAX,YLAB,XLAB2)  C
CALL KWKPLT( X, Y, MAX, YLAB, XLAB4)  C
CALL KWKP LT( X, AXL0 , MAX, YLAB, XLAB1)  C
CALL EXTFLM C
CALL EXIT
6 1 7  FORMAT( *0VEHI CLE UNSTABLE OR TRIM ANGLE OUTSI DE OF SEARCH *  ARTM144
1 ^ I N T E R V A L . * )  ARTM145
6 2 1  F O R M A T ( * 0 * / * 0 * , 5 4 X , * N O  TRIM ANGLE F O UN D. * )  ARTM156
9 0 1  PRI NT 6 1 0
6 1 8  F 0 R M A T ( E 1 3 . 5 , 2 1 5 . 5 , 1 6 , A l , *  ATTEMPT TO ITERATE BEYOND L I M I T .  NO* ARTM146 
1 *  CONVERGENCE.*)  ARTM147
6 1 0  FORMAT{ 1 H O , 8 H * * * * * * * * , 1 0 X , * P R O G R A M  TERMINATED*, 8X, *DYNAMICALLY * ,
1*UNSTABLE*)
CALL EXIT
6 9 0  F O R M A T d H O , *  THRUST = * , F 2 0 . 1 0 / 1 H  ,
1 *  THRUST MISALIGNMENT = * , F 2 0 . 1 0 / 1 H  ,
2 *  THRUST OFFSET = * , F 2 0 . 1 0 / 1 H  ,
3 *  ROLL r a t e  = * , F 2 0 . 1 0 / 1 H  , *  DRAG = * , F 2 0 . 1 0 / / / )
6 6 2  FORMAT( * O S T A T l O N * 3 X * W T / I N C H * 3 X * L 0 A D / I N C H * 3 X  » 
1 8 H E I / l O * * 6 , 5 X * R O T A T I O N * 4 X * G Y R A T I O N * 5 X * B E T A * 8 X  
2 * G A M M A * / 1 H 0 , 2 X * I N C H E S * 5 X * L B S * 8 X * L B S * 5 X * L B  IN SO*
35X*RAD IN L B * 4 X * I N C H E S * 6 X * D E G R E E S * 6 X * D E G R E E S * / /
4 ( 1 H  , F 7 . 2 , 4 X , F 6 . 2 , 4 X , F 7 « 2 , 3 X , F 9 . 2 , 3 X , 4 ( E 1 0 « 3 » 2 X ) ) )
6 6 3  FORMAT( *OSTATI ON*3X*AXI AL L0AD*3X*LAT AC CEL * 4 X,
1*SHEAR*4X*BENDING M0MENT*4X*DELTA THETA*4X
2 * D E F L E C T I 0 N * 4 X * D E F L E C T I 0 N * 4 X * L 0 C A L  A N G L E * / I H  , w
37 8 X* C G TANGENT*5X*R0LL A X I S * 5 X * A J R  F L O W * / 1 H O » 1 X*J NCHES*6X 
4 * L B S * 5 X * F T / S E C  S Q / 3 2 . 1 3 * 2 X * L B S * 6 X * I N C H  LB S * 1 0 X 
5 * D E G R E E S * 8 X * I N C H E S * 8 X * I N C H E S * 7 X * D E G R E E S * / /  { 1H , F 7 . 2 ,  
6 3 X , F 8 . 0 , 5 X , F 7 . 2 , 4 X , F 8 . 0 , 4 X , F 9 . 0 , 1 1 X , F 6 . 3 , 7 X , F 7 . 3 ,
7 7 X , F 7 . 3 , 8 X , F 6 o 3 ) )
6 6 4  F O R M A T d H O , 5 0 X , * T R I M * , 4 A 8 )
6 6 5  F O R M A T d H 0 , 4 6 X , * E L A S T I C * , 4 A 8 )
6 6 6  F O R M A T ! 1 H O , 5 0 X , * R O L L * , 4 A 8 )
6 6 7  F O R M A T d H O ,  I H , 4 9 X , 4 A 8 , / )
6 6 8  F O R M A T ! 1 H 1 , 5 3 X , * I N P U T  D A T A * / 1 H 0 , 4 6 X ,
1*STRUCTURAL AND A I R L O A D * / / )
6 6 9  FORMAT! 1 H1 , 44X, « - OUTPUT DATA PER *
1 * S T A T I 0 N  P O S I T I O N * / / )
6 6 1  F O R M A T ! 1 H 0 , 4 X , * W E I G H T * 1 5 X * L B S * 1 6 X , F 1 0 . 0 , 1 H . , 9 X ,
1*CG L O C A T I O N * 1 0 X * I N C H E S * 1 4 X , F 1 2 . 2 /
2 1 H0  »4X , «-TOTAL A I R L 0 A D * 8 X * L B S * 1 6 X , F l O  . 0  ,  I H .  , 9X ,
3 * C P  L O C A T I O N * 1 0 X * I N C H E S * 1 4 X , F 1 2 . 2 /
4 1 H 0 , 4 X , * S T A T I C  MARGIN*8X*PERCENT L E N G T H * 6 X , F 1 2 . 2 » 7 X ,
5 * P I T C H  I NER TI A* 8 X* SL UG FT S Q * 1 0 X , F 1 2 . 2 /
6 1 H 0 , 4 X , * P I T C H  F R E Q U E N C Y * 6 X ^ - CY C L E S / S E C * 1 0 X * F 1 2 . 2 * 7 X *
7 * R 0 L L  I NER TI A* 9 X* SL UG FT S Q * 1 0 X , F 1 2 . 2 /
8 1 H 0 , 4 X , * B E N D  MOMENT AT CG*4X*I NCH L B S * 1 1 X » F 1 0 . 0 » 1 H . » 9 X »
9 * T 0 T A L  D E F L E C T I 0 N * 5 X * D E G R E E S * 1 3 X , F 1 2 . 2 /
1 1 H 0 , 4 X , * D Y N A M I C  P R E S S U R E * 5 X * L B S / F T  S O * 1 0 X , F 1 0 . 0 , 1 H . , 9 X ,  
2 * T H R U S T * 1 5 X * L B S * 1 6 X , F 1 0 . 0 , 1 H . » /
3 1 H 0 , 4 X , * A N G L E  OF A T T A C K * 6 X * 0 E G R E E S * 1 3 X , F 1 2 . 2 , 7 X ,
4 * D R A G * 1 7 X * L B 5 * 1 6 X , F 1 0 . 0 , 1 H . , /
5 1 H 0 , 4 X , * R 0 L L * 1 7 X * C Y C L E S / S E C * 1 0 X , F 1 2 . 2 /
6 1 H O , 4 X , * T O R O U E * 1 5 X * I N C H  L B S * 1 1 X » F 1 0 . 0 , 1 H . /  
7 1 HO , 4 X, * A E RMO M* 1 5 X * I N CH L B S * 1 1 X , F 1 0 . 0 , 1 H . /  
8 1 H 0 , 4 X » * T B M ( 1 ) * 1 5 X * I N C H  L B S * 1 1 X » F 1 0 . 0 » 1 H * /  
9 1 H 0 , 4 X , * T H X * 1 8 X * L B S * 1 6 X , F 1 0 . 0 , 1 H . /  
1 1 H 0 , 4 X , * T H Z * 1 8 X * L B S * 1 6 X , F 1 0 . 0 , 1 H . /
2 1 H 0 , 4 X , * F X * 1 9 X * L B S * 1 6 X ,  F 1 0 . 0 , 1 H . /  
3 1 H 0 , 4 X , * D Y C G * 1 7 X * I N C H E S * 1 4 X , F 1 5 . 5 /  
4 1 H 0 , 4 X , * P H I A X * 1 6 X * D E G R E E S * 1 3 X , F 1 5 . 5 /
5 1 H O , 4 X , * P R O D * 1 7 X * L B  INCH S Q * 1 0 X , F 1 2 . 2 )
END
SUBROUTINE ROLLAX 
DIMENSION YS UM( 2 0 0 )
COMMON X ( 2 0 0 ) , X D I F F ( 2 0 0 ) » X S U M ( 2 0 0 ) , Y B A R ( 2 0 0 ) ♦ W S U M ( 2 0 0 ) , Y ( 2 0 0 ) ,  
1 DYCG, CG, MAX, PHI AX, P ROD 
JUMBO = 1 
PHIAX = 0 
1 0  CONTINUE
PROD = 0 
DO 1 1 = 1 , MAX
1 Y d )  = YB AR d . )  -  DYCG +  PHIAX *  ( C G - X d ) )
DO 2 1 = 2 , MAX
Y S U M d )  = Y d )  +  Y ( I - l )
2 PROD = PROD + W S U M ( I ) * X D I F F ( I ) * Y S U M ( I ) * ( X S U M ( I ) * . 5 - C G ) * 0 . 2 5  
GO TO ( 2 0 , 3 0 , 4 0 ) , JUMBO
2 0  I F  ( A B S ( P R O D ) . L E « ( 1 . 0 ) )  GO TO 4 0
SPROD = PROD 
JUMBO = JUMBO + 1 
PHIAX = . 0 0 5
( X I *  XF* N* H ,  AREA)
/ ( F N  -  ! • )
GO TO 10
3 0  PHIAX = - P H I A X  *  S P R OD / ( P R OD -  SPROD) 
JUMBO = JUMBO +  1 
GO TO 10 
4 0  RETURN 
END
SUBROUTINE SIMPSON 
DIMENSION H ( l . O l )
FN = N
DELX = ( X F  -  X I )
1 SUM = 0 .
2 K = ( N - 1  ) /  2
3 DO 4  I = 1»K
4  SUM = SUM + 4 .  *  H ( 2 * I )
6 SUM = SUM -  H ( l )  +  H( N)
8 AREA = ( D E L X / 3 . )  *  SUM
10  RETURN 
END
SCOPE 
» L I B R A R Y , 7 2  
• LOAD
» R U N » 5 * 3 0 0 0
+  2 , * H ( 2 * I - 1  )
NIKE-TOMAHAWK 9 T = 2 0  SEC
. 0 0 2 0 . 0 5 0 .
1 0 3 0 5 . 0 . 0 0 0 .1
1 0 0 . 0 . 0 0 8 0 0 .
10 1 . .  6 0 8 0 0 .
10 5 . 3 . 0 0 7 2 0 .
10 9 . 1 8 . 0 0  . 8 0 0 .
10 1 0 . 1 8 . 0 0 8 0 0 .
10 1 1 . 2 . 0 0 8 0 0 .
10 1 5 . 2 . 0 0 8 0 0 .
10 1 6 . 0 . 4 0 3 1 2 .
10 2 0 . 0 . 4 0 3 1 2 .
10 2 5 . 0 . 4 0 3 1 2 .
1 0 3 0 . 0 . 4 0 3 1 2 .
M = 7 , 8 5
5 0
0 = 7 7 8 0  P S F
5 0
1 2 4 0 . 0 . 0
WOMACK
1 . 0 0  7 7 8 3 .
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A P P E N D I X  E 
THE SHOCK CODE  
The SHOCK c o d e  c a l c u l a t e s  the d y n a m ic  r e s p o n s e  of a 
s t r u c tu r e  m o d e le d  a s  a s p r i n g - m a s s  s y s t e m  having  one or two  
d e g r e e s  of  f r e e d o m  f o r  e a c h  m a s s  when s u b jec ted  to s p e c i f i e d  
e n v i r o n m e n t s .  The code  d e t e r m i n e s  the b eh av ior  of e a c h  lu m p e d  
m a s s  ( d i s p l a c e m e n t ,  v e l o c i t y ,  and a c c e l e r a t i o n  for e a c h  d e g r e e  of  
f r e e d o m )  and the b e h a v io r  of e a c h  s p r in g  or coupling  ( f o r c e ,  s h e a r ,  
m o m e n t ,  and d i s p l a c e m e n t )  a s  a  funct ion  of  t i m e .
The u s e r  h a s  a lar ge  n u m b e r  of  opt ions  for d e f in in g  the  
e n v ir o n m e n t  for  a g i v e n  p r o b l e m .  The opt ions  for d e s c r i b i n g  the 
load e n v ir o n m e n ts  in c lu d e  t r a n s i e n t  co n d i t io n s  s u ch  a s  s h o c k ,  b la s t ,  
in i t i a l  v e l o c i t i e s ,  and in i t i a l  d i s p l a c e m e n t s .  A l s o  in c lud ed  a r e  
opt ions  for  d e s c r i b i n g  s t e a d y - s t a t e  lo a d s ,  p r e l o a d s ,  a x i a l  g - l o a d s ,  
.and m a n e u v e r  lo a d s .
S o m e  of the m o r e  c o n v e n ie n t  f e a t u r e s  of the code in c lu d e  the 
plott ing  of  m a s s  and s p r in g  b e h a v io r  a s  a function of t im e;  output of  
m i n i m u m  and m a x i m u m  v a lu e s  of  a c c e l e r a t i o n s ,  f o r c e s ,  s h e a r s ,  
and m o m e n t s  ; output of  a data input  l i s t  with in i t ia l  con d i t ion s ;  ed i t s
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of d y n a m i c  r e s p o n s e  of  a l l  s p r i n g s  and m a s s e s  a t  u s e r - d e f i n e d  
i n c r e m e n t s ;  and e a s e  of input.  A l l  s ta n d a rd  input  c a r d s  a r e  read  
u s i n g  the s a m e  f o r m a t ,  and,  e x c e p t  fo r  a few c a s e s ,  a r e  in d e p e n d e n t  
of  o r d e r .  A  c o m p l e t e  d e s c r i p t i o n  of  th is  p r o g r a m  i s  g iv e n  in 
R e f .  20 .
A P P E N D I X  F  
TH E A N A L O G  C OM PU TER  CIRCUIT  
The a n a l o g  c o m p u t e r  u s e d  in th is  d i s s e r t a t i o n  is  a n  
E l e c t r o n i c  A s s o c i a t e s ,  Inc.  M o d e l  E A I - 6 8 0 .  It i s  a fully  
expanded ,  s o l id  s t a t e ,  10-volt  co m p u te r  with l o g i c  and d ig i ta l  
c ap ab i l i ty .  The a n a lo g  c o m p u t e r  c i r c u i t  i s  s h o w n  in F i g u r e  17.
101
~  - A  a )  V10 r  \
--------------------V./
F i g u r e  17
T he  A n a l o g  C o m p u t e r  C i r c u i t
